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In this article, we study the concept of 0-contraction map- ping in rectangular m-metric space.
We obtain fixed point result for such mapping which can be approximated by iteration. As
an application of the result proved in this paper, the existence of a solution of forth order
equations are established. The presented result improves, unify and generalized many known
results in the literature.

Introduction

The Banach contraction principle ([6]) is one of the most notable result which has played a vital
role in the development of a metric fixed point theory. This principle essentially states that, in a
complete metric space (X, d), any contraction T : X — X that is, if there exists k € [0, 1)
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such that for any X,y € X, we have
(1.0.1) d(Tx, Ty) < kd(xy),

has a unique fixed point. This principle and its variants provide a useful apparatus in guaranteeing
the existence and uniqueness of solution of various nonlinear problems: differential equation,
integral equation, integro-differential equations. There are many generalizations of the Banach
contraction principle in the literature. These generalizations were made either by using the
contractive condition or by imposing some additional conditions on an ambient space. There have
been a number of generalization of metric space as, rectangular metric space, partial metric space,

m-metric space and rectangular m-metric space ( see e.g. [1,2,4,11] and references mentioned
therein.) Employing one of the above mentioned strategy, Branciari [7], introduced the concept of
rectangular metric space and proved an analog of the Banach contraction principle in such
spaces.In the recent past, Matthews [9] initiate the concept of partial metric spaces which is the
classical extension of a metric space. After that, many researchers generalized some related results
in the frame of partial metric spaces. Recently, Asadi et al. [3] introduced the notion of an m-metric
space which is the one of interesting generalizations of a partial metric space. Latter on in 2018,
Ozgiir et al. [10] introduced concept of a rectangular m-metric space and proved analog of the
Banach contraction principle on rectangular m-metric spaces. One of the interesting
generalizations of Banach contraction principle was given by Jleli et.al in 2014, by introducing a
new type of contraction called -contraction. Following the authors of [8], let © be the set of all
functions 8: (0, 0) — (1, 00) satisfying the following conditions:

01). 0 is strictly increasing: s < t = 0(s) < 0(t);

02). For each sequence {s,}in Ry, I{l_r)glo sp, = 0, if and only if r£I_r>r0109( Sp) = 1;
0(s)—-1

ST

03). There exists r € (0,1) and £ € (0, 00] such that li%1+ =4
S—

Jleli et.al showed that if we take 0p: (0,00) = (1,), B85(s) = e \/S, then B € O and the 65-
contraction reduces to a Banach contraction. Therefore, the Banach contractions are a particular
case of B-contractions. Meanwhile there exist 8 -contractions which are not Banach contractions
(see [8]). In order to state the main result of [8], we tecall the following definition.

Definition 1.0.1. [8] Let (X,d) be a metric space. A mapping T: X — X is called an 6-
contractions if there exists 8 € @ and k € (0, 1) such that

(102) B(A(T % Ty)) < [B(d(x )]

holds forall X,y € Xwithd(Tx,Ty) > 0. The following theorem is the result of Jleli et.al:
Theorem 1.0.2. [8] Let (X,d) be complete generalized metric space and T: X — Xa 6-
contractions mapping. Then Thas a unique fixed point.

The aim of this papet, is to prove analog of the Theorem 1.0.2 on rectangular m-metric space.

As an application of the result proved in this paper, the existence of a solution of forth order
differential equations is established.
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PRELIMINARIES

Definition 2.0.3. [10] Let X be a non-empty set. A mapping m,. : X X X — [0, 00) is said to
be m,-metric if for any X,y € X, the following conditions hold:

(1 m, (x, Y) = My, = eryy S X =Y,
@ Mg, < m.(xy),

T'X’y
3) my(xy) = m,(y,x),
@ Mmp(x,y) =My < mp(xu) —my  +me(w,v) —my,  +me(v,y) —mg forall
u,v € X\{x vy}

where my, = min{m,(x,x) ,m,(y,y)} and M, , = min{m, (x,x) ,m,(y,y)}. The pair
(X, m;) is called a rectangular m-metric space.
Definition 2.0.4. [10] A sequence {X,} in a rectangular m-metric space X is said to be: (i)
convergent to some X € Xif and only if Ill_r)glo (m, (X, X) — my, = 0. (In this case we write
Xp = Xasn — o), (i) a m,-Cauchy sequence if and only if nlrilriloo (M (Xp, Xm) —
My, ) and lim (M '
A rectangular m-metric space X is said to be m,.-complete if every m,.-Cauchy sequence in X is

r —m, ) exist and finite.
XnXm XnXm

convergent in X asnllnlnn:oo (mr Xy Xm) — man‘Xm) =0 and n,lrhrlloo (Man’Xm — man’Xm) =0.

Lemma 2.0.5. [10] Assume that x,, = xandy, — yasn — o0 in a rectangular m-metric

space. Then rlll_l)‘lc;lo (mr X ¥n) — man‘Yn) =m,(x,y) — my, .

Lemma 2.0.6. [10] Assume that xn — x as n — % in a rectangular m-metric space. Then

lim (mr(xn, y) — many) =m,.(x,y) — m ., Vy € X.
n—-,oo 2, ,

MAIN RESULT

Definition 3.0.7. Let (X, m,) be a rectangular m-metric space and 8 € @. A mappingT : X —
X is called 8-contraction if there exist k € (0, 1) such that forallx,y € X withm,.(Tx,Ty) >
0 we have

(3.03) 6(m,(Tx,Ty)) < [6(m, (x,y)I*.

Before stating the main result, we first prove following lemma for the class of 8-contraction
mappings for rectangular m-metric space.

Lemma 3.0.8. Let T be a f-contraction on rectangular m-metric space (X, m,.). If Picard
iteration defined by

(3.0.4) Xm = Txp—q, m €N,
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where xg € X. converges to € X, then lim Tx,, = Tu".

n—oo

Proof. We divide the proof into two cases.
Case 1 : Suppose that

(3.0.5) lim m,(Tx,,, Tu*) = 0.
n—>oo

Since, Mpp gy = min{ m, (Tx,, Txy, ), m(Tu*,Tu*)} < m,.(Tx,, Tu"). Letting

m — oo, into the inequality, we have nlll_r)r(}o My = rIlll_r)ré0 My (TXy, TU"). By using
(3.0.5), it follows that
(3.0.6) lim m,.(Tx,,, Tu*) = 0.

m-—oo

From (3.0.5) and (3.0.6), we get nlli_r)rgo( m.(T xp,, Tu") — mrTxm’Tu*) = 0.

Hence, Tx,, = Tu*asm — oo,
Case 2 : On the other hand, suppose that

(3.0.7) lim m,.(Tx,,, Tu*) > 0

m-—oo
Since m,-(Tx,,, Tu*) € [0,0), forallm € N Therefore, there exists N € N such that
(3.0.8) m,(Tx,,, Tu*) > 0,¥ym > N.

By using (3.0.3) and (3.0.8), we obtain that
0(m,(Txpy,, Tu*)) < [0(m,(ep, ) < O(m,(x,,u*)), Vm = N.

By using (01), we get

(3.0.9) m,(Txy,, Tu*) < m,.(x,,u*), vm = N.

Case (a) : Suppose that

(3.0.10) m,(u',u") < lim m,.(x,, X,) -
m—oo

In this case, our claim is to show that m,.(u*,u*) = 0. If lim m,(x;,, X,,) = 0. Then it
m—-0o
follows from (3.0.10), we have m,.(u*,u*) = 0. On the other hand, if lim m, (%, x,,;,) > 0.
m—0oo

Therefore, there exists M € N such that

(3.0.11) my(Xm, Xm) > 0, Ym =M.

By using (3.0.3), we have 0(m,(Xm Xm)) < [0(My (X1, Xm-1))]*, Vm =
M. Continuing this way, we can obtain 81, (X, X)) < [0(m(X0, %)<, ¥m = M. It
follows that

(3.0.12) li_r)rgo o(m,(xm, xm)) = 1.

By using (02) in (3.0.12), we get I}grcln mram' Xm) = 0. By using (3.0.10), we obtain
m,.(u*,u") < IIlll_r)r;o M, (X, Xm) = 0. It follows that

(3.0.13) m,(u*,u*) = 0.

Since m,.(Tu*, Tu*) € [0, ). If m,.(Tu*,Tu*) = 0. Then from (3.0.13), we have
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(3.0.14) m,.(Tu*,Tu*) = 0 = m,.(u*,u").

On the other hand, if m,.(Tu*,Tu*) > 0. It follows from (3.0.3), we get
O(m,(Tu*,Tu*)) < [6(m, (', u')]* < 6(m,(u*,u")).

By using (01), we obtain m,.(Tu*,Tu*)) < m,(u*,u"). By using (3.0.13), the above

inequality becomes

(3.0.15) m,(Tu*,Tu*)) =0 = m,.(u*,u").

In this case, from (3.0.14) and (3.0.15), we conclude that

(3.0.16) My o = min{ m, (x,,, X,,), m,(u*,u")} = m,.(u*,u*) = 0,vym > M.
(3.0.17) LTS min{ m, (Tx,,, Tx,,), m,.(Tu*,Tu*)} = m,(Tu*,Tu*) =0,Vvm >

M. Since, X = u"as m — 0. This implies that M, (X, u*) — m,, . = 0, m - o. By
m

using (3.0.16), into the above inequality, we have

(3.0.18) m,(x,,u*) - 0, m — oo,
Letting m — 0, in (3.0.9), we have
(3.0.19) lim m,.(Tx,,, Tu*) < limm - o lim m,(x,,,u")
m-oo m—-oo

By using (3.0.18) into the (3.0.19), we get
(3.0.20) lim m,.(Tx,,, Tu*) = 0.

m-—oo
Lettingm — oo, in (3.0.17), we have
(3.0.21) My ry e = 0, m — o
By combining (3.0.20) and (3.0.21), we obtain m,.(Tx,,, Tu*) — My g Tur 0, m-
00. Thus Txm — Tu*asm — oo,
Case (b) : On the other hand, suppose that
(3.0.22) m,-(u*,u") > lim m,(xp, xp).

m—oo

Then in this case, our claim is to show that
(3.0.23) 11111—{20 My re, Tt = 0.
If m,.(u*,u”) = 0. Then it follows form (3.0.22), we obtain (3.0.23). If m,.(u",u*) > 0.
Then in this case, we further assume that lim m,.(x,,, x;,) = 0.Then it is easy to see

m—oo

that lim m,_ . = 0.Now on the other hand, suppose that lim m,.(x,, X;;,) > 0. Based on
m—oo Xm,U m—oo

the same procedure as in case (a), we obtain lim m,.(x,,, x,,) = 0. Hence, our claim is true. As
m-—oo
* * .
Xm — U asm — 00, We have m,(x,,, u*) — My e = 0,as m — oo. By using (3.0.23),
into the above, it follows that
(3.0.24) lim m,(x,,u") = 0.
m—-oo

By using (3.0.24), it follows from (3.0.9), we have the following
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(3.0.25) lim m,(Tx,, Tu*) = 0.
m-—-oo

Moteover, we have

(3.0.26) My pe < My (Toy, TUY)

Letting m — 9, we obtain

(3.0.27) r}grgo My py gy = 0.

By using (3.0.26) and (3.0.27), we have Tx,, —» Tu" asm — oo.

Proposition 3.0.9. Let (X, m,) be a rectangular m-metric space and T : X — X be a 8-
contraction mapping. If the Picard iteration defined by x;, = Txp,—1 form = 1,(xg € X) has
the property m,. (xn, X,) = 0 for somen € N. Then

(3.0.28) Mm%y, Xpm) = 0, Vm = n.

Proof. We will prove it by induction on m. Suppose that the result is true for m = k > n. This
can also be expressed as

(3.0.29) m,(xy, x;) = O.

We want to prove that M, (X141, Xg+1) = 0. On contrary suppose that My (Xg41, Xg41) > 0.
By using (3.0.3), we have 8 (M, (Xg41, Xk+1)) < [0 (MO, i ))TE < 0(my-(xg, 1)) It
follows from (@1),m, (Xp 41, Xx41) < M,-(xg, x3).By using (3.0.29) into the above inequality,
we obtain the desired result.

Proposition 3.0.10. Let (X, m,) be a rectangular m-metric space and T : X — X be a 0-
contraction mapping. Suppose that the Picard iteration defined by x,, = Tx;,_1 m =
1, (xg € X), Then, for every fixed n € N, we have

(3.0.30) My = min{m, (X, X,), My Xy, X))} = My (X, X)), m > n.
Proof. On contrary suppose that
(3.0.31)

Now, we divide the proof into two following cases.

Case 1: If m,.(x,, x,) = 0. By Proposition 3.0.9, we havem,.(X;,, Xp,) = 0, Vm > n.
Consider My o = min{m, (x,, X,), My (X, X))} = min{0,0} = 0 = m,(x, X)), Y >

T X Xm = mr(xn’xn); vyvm > n.

n. Therefore, it follows that Moy x = M (X X)), VM > 1.
Case 2 : If m,.(xp, x,,) > 0. It follows from (3.0.31),

(3.0.32) my (X, Xp) > 0Vm > n.
By using (3.0.3) and (3.0.32), we have

k km—n
0 (mr(xmr xm)) < [9 (mr(xm: xm))] <0 =< [9 (mr(xn: xn))] <6 (mr(xnrxn))'
By using (1), we obtain m, (X, X;n) < mp(xn, X,) ; YVm > n, which is a contradiction on
the fact that (3.0.31).
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Theorem 3.0.11. Let (X,m,) be a complete rectangular m-metric space and T : X — X bea
8-contraction mapping. Then T is a Picard operator.

Proof. We divide the proof into two following cases.

Case 1 : If there exists a natural number n such that x,,,; = x,,. Clearly, in this case X, is a
fixed point of T'.

Case 2 : Now suppose that X, 41 # X, foralln € N. We divide this case into two further
subcases. Subcase 1 : If

(3.0.33) my(Xp41,%,) = 0,

for some n € N. Notice that m, Xpa1n < my(Xp41,%,) = 0. Therefore, it follows that
(3.0.34) S

Furthermore, it follows from the Proposition 3.0.10, we have

(3:035) My = T Conits X

By combining (3.0.34) and (3.0.35), we get

(3.0.30) My (Xp41, Xnt1) = 0.

Since My (Xp41,Xn+1) = 0., it follows from the Proposition 3.0.9, we obtain

(3.0.37) My (Xn42) Xn42) = 0.

Now from here, we further divide subcase 1, into two cases.

Subcase 1,: If

(3.0.38) My (Xn41) Xns2) = 0.

It follows from (3.0.36), (3.0.37) and (3.0.38), we have

My (Xn+1, Xni1) = My (Xnyz, Xnt2) = My (Xny1, Xpe2) 0.

By using the property of m,, it follows that X,4+1 = Xp42. Moreover, this equation can also be
written as Xp41 = T Xp4q. Cleartly, X, 44 is the fixed point. As a result, the theorem is proved.
Subcasely, : On the other hand, suppose that

(3.0.39) My (Xp41, Xne2) > 0.

By using (3.0.3), we have

6 (mr(xn+1:xn+2)) < [9 (mr(xn'xn+1))]k <¥é (mr(xn' xn+1))'

By using (®1), this gives My (Xp41, Xnt2) < My (X, Xp41). By using (3.0.33) we have
My (Xps1, Xny2) = 0, which is a contradiction of the fact (3.0.39).
Subcase 2 : Now, we suppose that M, (X,41,%,) > 0, foralln € N.Letf, =

m, (X, Xps1)Vn € N. Then by (3.0.3), we get

(3.0.40) 0 (Br) < [0 Br-1)]* < [0 B <---< [0 ()], VN EN.
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Taking letting n — o0 in (3.0.40), we get lim 8 (f,) = 1. By using (02), we have
n—>oo
lim By, = 0. Now from (03), there exists v € (0,1) and £ € (0, 00] such that

n—-oo

lim @ Bn) =1/ _ .
g:;opose that £ < oo, In this case, let
(3.0.41) B = ¢£/2 > 0.
It follows that, there exists ng € N such that |% —{| < B, Yn = n,. It follows
that =B + £ < % , Vi > ng. By using (3.0.41), we obtain
p< P -1 vn > n,.

B
It asserts that n(B,)" < An[6(B,) — 1],Vn = ny, where A = 1/B.
Suppose now that £ = 0. Let B > 0 be an atbitrary positive number. It follows that, there
exists g € N. such that

0 -1
L =B, vn = ng.
(Bn)
By following the above process, we have n(f,)" < An[0(B,) — 1],Vn = ny, where A =
1/B. Therefore if £ € (0, 0], there exist A > 0 and ny € N such that
n(ﬁn)r = An[e(ﬁn) - 1]’ vn = ny.
By using (3.0.3), we obtain n(f,)" < An[@(ﬁo)kn - 1], vn = n,.
Lettingn — 0 in the inequality, we obtain lim n(f,)" = 0. Thus, there exist n; € N such
n- oo
that B, = M, (Xp, Xpt1) < %/ 1, vn = n,.
n’/r
Now, we will prove that
(3.0.42) lim m,.(x,, x,+2) = O.
n—oo
If m, (X, Xp42) = 0 forall n € N, then we have (3.0.42). On the other hand, if
M, (Xp, Xpt2) > 0 forall n € N. By using (3.0.3), we get

k
0 (mr(xnlxn+2)) < [9 (mr(xn—lrxn+1))] ’ vne N.
Continuing this way, we have
(3.0.43) 0 (M, (xp, Xn42)) < [0 (M (x0,x2))]¥", VneE N.
Lettingn — o in (3.0.43), we obtain lim 8 (m,(xp, X,42)) = 1. By using (02), we get
n — oo

nli_r)noo m,(Xp, Xpt2) = 0. Now, we prove that the sequence {Xp, }nen is 2 m,-Cauchy.

Tetm > nwithm = n + o whereo > 2, we will consider two cases.
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Case (i): For o is odd. Leto = 2p + 1, where p € N. Then m,.(x,, X;,)- mp, . =
my (xn' xn+2p+1)_ mrxn_xn+2p+1
= mr(xn: xn+1) - +--- + mr(xn+2p:xn+2p+1) - mrxn+2p,xn+2p+1
< Mp(Xp, Xpgq) +-00 + mr(xn+2prxn+2p+1) =pfp+--- + ﬁn+2p
< Yn=1Bi < 2=t 1/i1/r <e€.
Case (ii): For o is even. et 0 = 2p, where p € N Then
My (Xp, Xm )= My xm mr(xn’xn+2p+1)_ L
< My (Xn, Xpi2) — Ten ez + My (Xp42) Xne3) —
' +mr(xn+2p—1»xn+2p) - mrxn+2p_1_xn+2p
<My (Xp, Xps2) + Mp(Xpy2, Xpg3) +0 0 + mr(xn+2p—1'xn+2p)
< (i Xns2) + Bz B < 1yt Xne) + Zia V1) <€

Txnxn+1

TxXn+2Xn+3

Indeed, the series Yyeq 1 /i 1/, converges and rlll_r)lolo M, (Xp, Xpt2) = 0, this implies that
lim (m,(x,, xn)- m, ) , exist and finite.
n,m-co *nxm

Now, if M.

Txnxm

=0 forallm > n, then me . = 0 forallm > n, which implies that
= 0,Vm > n. This implies that n,lrianoo(Mr(xn' Xm)- My, ) =0.

T - my
Xn.Xm Xn.Xm
Now, we may assume that ern‘Xm > 0,Yvm > n. From Proposition 3.0.10, we obtain
= m,(xp,x,) > 0,Ym > n.Suppose W, = M, (x,, x,,) foralln € N. Then by

an,Xm
(3.0.3), we obtai
(3.0.44) O(1n) < [O(Hp-D]*® < [0( )] <+ < [B( )"
On taking limitas n — 00, in (3.0.44), we get lim 8( u,) = 1. By using (02), we have
n—-oo
(3.0.45) lim p, = 0.

n—oo

Based on the same procedure, we obtain W, = m,(X,, x,) < 1 / 1, Vn = nj.Therefore,
"

we obtain
ern_xm T My e . M (xn, Xn) — My (X, X))
< my (xnf xn) + my (xn+1r xn+1) +: +mr (xm: xm)

< Myt Bpgs R g < Zul Z/l <e
/7"1
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Since the series Y g1 1 / 1, converges, this implies that _lim (m, (%, x)— M, ) exist
n /r1 n,m—oo Xnxm

and finite. Based on the above argument we conclude that {X;, } ey is an m,.-Cauchy sequence.
Since (X, m,) is a complete rectangular m-metric space so X, converges to u” € X. Since
m, (X, X,) > 0, by using (3.0.3) and (02), we conclude that

(3.0.46) 711_{210 m,.(x,, Tx,) = 0.

By usingm,, . < m, (xpn, Txy), we have
(3.0.47) limm, . =0

nooo  TxnTxn

By using (3.0.46) and (3.0.47), we have
(3.0.48) rlll_r){)lo m,(x,, Tx,) — My 1y, = 0
Since
(3.0.49) X, > u°, n - oo,
Therefore, it follows from Lemma 3.0.8, we obtain
(3.0.50) Tx, - Tu*, n — oo
By using (3.0.49) and (3.0.50) into the Lemma 2.0.5, then (3.0.48) becomes
(3.0.51) m,(u*, Tu") = L

By Proposition 3.0.10, we have My e = My (Txp, Tx,),¥n € N.Lettingn — 0 in the

Tx
this equality, we obtain nllm My e = nll_r)n00 m,(Txy, Tx,) Therefore, we have

(3.0.52) lim (my, .. —m.(Txy,Tx,)) = 0.

n- oo Txn
By using (3.0.49) and (3.0.50) into the Lemma 2.0.5, then (3.0.52) becomes
(3.0.53) my ... — m(Tu",Tu") = 0.
By using (3.0.51) and (3.0.53), we have
(3.0.54) m,(u*, Tu*) = m .. .=m (Tu*, Tu").
From (3.0.48), we obtain
(3.0.55) Tim (myGon, Xp ) =My, ) = 0.
By using (3.0.49) and (3.0.50) into the Lemma 2.0.5, then (3.0.55) becomes
(3.0.506) m,(u*,u*) = My oo

By using (3.0.54) and (3.0.56), we get m,(u*,u*) =m,(Tu",u*) = m,.(Tu*,Tu"). This
implies that Tu" = u".

For the uniqueness of fixed point, suppose that there exist two elements X,y € X such thatx =
Txandy = Tywithx # Y. In order to proof the uniqueness of the fixed point, we divide
into two cases.
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Case A: If m.(T x,Ty) = m,(x,y) = 0. Without loss of generality, suppose that my, =
my(x, x). Notice that my(x,x) = m,, < m,(x,y) = 0.1t follows that m,(x,x) = 0.
Further, we divide case A into two subcases.

Subcase Al : If m,.(y,y) = 0. Then it is easy to check thatx = y.

Subcase A2 : On the other hand, if m,.(y,y) > 0. By using (3.0.3), we have (m,-(y,y)) <
8(m,(y,y)), By (01), we get m,.(y,y) < m,(y,y). which is a contradiction.

Case B:If m.(Ty,Ty) = m,(x,y) > 0. By using (3.0.3), we deduce 8(m,(x,y)) <
8(m,(x,y)). By using (01), we have m,.(x,y) < m,(x,y). which leads to a contradiction.
We now provide examples that support Theorem 3.0.11.

Example 3.1. Let X = [0, ©) be endowed with rectangular m-metric m,(x,y) = —|x|2+|y for

allx,y € X.Then (X, m,) is an complete rectangular m-metric space. Let 8 : (0,00) —
(1, ) be a mapping defined as 6(x) = eV* forallx € X.DefineT: X — X as (x) = g

,forall x € X.Itis easy to check that for the value of k = \/1/2 , T is B-contraction.
Therefore, by Theorem 3.0.11, T has a unique fixed point 0.
Example 3.2. Let X = {1,2,3,4}. Definem, : X X X — [0,00) as
m,(1,1) = m,(2,2) = m,(3,3) = 0and m,(4,4) = 5
m,.(1,2) = m.(2,1) =3, m.(1,3) = m.(3,1) =1, m.(1,4) = m.(4,1) = 4
m,(2,3) = m.(3,2) =1, m.(2,4) = m-(42) =4, m.(3,4) = m.(43) = 4.
Cleatly, (X, m,.) is a complete rectangular m-metric space. On the other hand, the (X, m,) is not

a m-metric space.Define T : X — X as

1, x=1,2,3
T(x) = {3 X =

Forx € {1,2,3}andy = 4, we have m,.(T x,T y) m,(1,3) = 1 > 0. Therefore,
eV mr(TE)T()) emrT@TON [e\/mr(x,y)emﬂx,y) ]o.g |

Suppose 8(x) = eVxe® and k = 0.9, we see that T is a O-contraction which satisfies
Theorem 3.0.11. Moreover, x = 1 is the fixed point of T

APPLICATION TO FOURTH ORDER DIFFERENTIAL EQUATION

In this section, we apply Theorem 3.0.11 to find the existence and uniqueness of fourth order
differential equation. We consider the problem

{ yi@) = g&ty@®),y"y",y"),

y(©0) =y'(0) =y"(1D) =y"(1) =0; te[01],

where g:[0,1] X R® X R - Risa continuous function. This problem known as a boundary value
problem is employed to model such phenomena as deformations of an elastic beam in its

(4.0.57)
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equilibrium state, where one endpoint is free while the other is fixed. In this section, we study the

existence of solution of a fourth order differential equation boundary value problem. Let S =
C[0, 1], where C[0, 1] represents the space of all continuous functions defined on the closed
interval [0, 1]. A rectangular m-metric space on S (see [5]) is given by

[x(®) + y(@©)|
te[0,1] 2 '
Note that the space S = (C[0, 1], m;) is a complete rectangular m-metric space. It follows from
[1] that the boundaty value problem for (4.0.57) can be written in the following integral form:

1
or f G(t,)g(s,y(),y'(s))ds, y € C[0,1],

where G(t,s) is Green’s function of the homogenous linear problem y*(t) = y(0) = y'(0) =
y"(1) = y"" (1) = 0, which is explicitly given by

mr(x: y) =

%tZ(SS—t), 0<t<s<l1
(4.0.58) Gt =19 |
oS (3t —s), 0<s<t<1

Theorem 4.0.12. Assume that the following conditions are satisfied:
1) g:]0,1] X R3 X R — R is continuous.
2) There exists T € [1, %) such that the following condition holds for all x,y € S

|g(s,x(), X' ()] + [g(s,¥(),y' ()] = 667 (Ix()| + ly(s)D, s € [0,1]
3) There exists Yo € X such that, for all t € [0, 1], we have

Yot = J G(t,9)9(s,y0(s), y5(s))ds.
0

Then the boundaty value problem (4.0.57) has a solution in S.
Proof. If we define a mapping T: S — S by

1
TG = f G(t,9)9(s,y(s),y'®)ds,
0

theny = T(y), which yields that boundary value problem has a unique solution. Consider

TGO+ TG (@)

2
|1y 6 9)g(s x(), % ()ds| +|f, 66, 5)g (s, y(), ¥ ())ds]

2

1 x(s),x! +g(s¥().y'(
< fo g(t,S) (|g(sxs x(s))|2|g(sys y s))|) ds
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1
Sf &2 go-T lx(s)| + |)’(S)|
,2° 2
11
< 6e" mr(x,y)J —s?ds
0 2
=e " m.(x,y),

which yields

(4.0.59) m,(T(x), T(y)) < e my(x,y)
where 0 < e < 1las—t=1. So we can say

(4.0.60) e (TTW) < emr(xy),

By using (4.0.59) and (4.0.60), we have
mr(T(x),T(}’))emr(T(x)’T(y)) < e " m,(x,y)e™ &),

[T
e\/mr(T(x),T(y))emr(T(X)'T(y)) < le ,mr(x,y)emr(xy)l

where, 7 =+ e~ hence

Further, we have

T
0(m,(T(x), T()) < [8(m,(x, )]
which gives 8(x) = e¥*¢*, So conditions of Theorem 3.0.11 are satisfied. Hence, the fourth
order differential equation given in (4.0.57) has a unique solution.

CONCLUSION

(1) We introduced the class of 8-contraction mappings in the set up of rectangular m-metric
spaces.

(2) We obtain fixed point Theorem 3.0.11 in the context of rectangular m-metric spaces
and justify our result with some examples.

(3) As an application of our result (Theorem 3.0.11), the existence of the solution to the
problem of forth order differential equation is presented.
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