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n this paper we discuss common fixed point result of b-metric-like space. As an application, 
we prove certain common fixed-point results in the setup of such spaces for  𝛽-ordered 

contractive mapping.  Finally, one example is presented in order to verify the effectiveness and 
applicability of our main results. 

Introduction 
There are many generalizations of the notion of metric space. Alber and Guerre-Delabrere [8] 
introduced the theme of a weakly contractive mapping defined on a Hilbert space is a Picard 
operator. Rhoades [32] proved the same results considering a complete metric space as an 
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alternative of Hilbert space as a domain of the mapping. 

Czerwik [17] and Matthews [27] introduced the concepts of  𝑏 -metric space and partial metric 
space respectively. On the basis of these two concepts, Shukla [34] proved another idea which is 

called a partial  𝑏 -metric space. Since then, several papers have been published on the fixed point 

theory of various classes of single-valued and multi-valued operators in  𝑏 -metric spaces (see also 
[12,13,35]). Pacurar [29] given some results on sequences of almost contractions and fixed points 

in  𝑏 -metric spaces. Hussain and Shah [22] obtained few results on KKM mappings in cone  𝑏 -
metric spaces. Recently, Khamsi [25] and Khamsi and Hussain [26] have dealt with spaces of this 
kind, although under different names (in the spaces called metric-type) and obtained (common) 
fixed point results. In particular, they showed that most of the new fixed point existence results of 
contractive mappings defined on such metric spaces are merely copies of the classical ones. 
The existence of fixed points in partially ordered metric spaces was first investigated in 2004 by 
Ran and Reurings [30], and then by Nieto and Rodríguez-Lopez [28]. Amini-Harandi [10] work on 
a new extension of the concept of partial metric space, called a metric-like space on the other hand. 

The concept of  𝑏 -metric-like space which extends the notions of partial metric space, metric-like 

space and  𝑏 -metric space was given by Alghamdi et al. [6]. They established the existence and 

uniqueness of fixed points in a  𝑏 -metric-like space as well as in a partially ordered  𝑏 -metric-like 
space. In addition, as an application, they derived some new fixed point and coupled fixed point 

results in partial metric spaces, metric-like spaces and  𝑏 -metric spaces (see also [16,20,21,22,26]). 
On the parallel lines the study of common fixed points of mappings satisfying certain contractive 
conditions can be employed to establish existence of solutions of certain operator equations such 
as differential and integral equations. Beg and Abbas [11] obtained common fixed points extending 

a weak contractive condition to two maps. In 2009, Doric [18] proved common fixed point 

theorems for generalized  (𝜓, 𝜑) - weakly contractive mappings. Abbas and Doric [5] obtained a 
common fixed point theorem for four maps. For more work in this direction, we refer to 
[11,24,32,36] and references mentioned therein. The aim of this paper is to examine more closely 
the structure of such spaces and obtain certain common fixed point results. In this context, we 

demonstrate a fundamental lemma for the convergence of sequences in  𝑏 -metric-like spaces and 
by using it we prove certain common fixed point results in the setup of such spaces. Finally, 
examples are presented in order to verify the effectiveness and applicability of our main results. 

Preliminaries 
 Definition 2.1 [17] Let  𝑋  be a nonempty set and  𝑠 ≥ 1  be a given real number. A function  

𝑑  :   𝑋 × 𝑋 → 𝑅+  is a  𝑏 -metric if, for all  𝑥, 𝑦, 𝑧 ∈ 𝑋 , the following conditions are satisfied: 

 𝑑(𝑥, 𝑦) = 0  if and only if  𝑥 = 𝑦 , 

 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) , 

 𝑑(𝑥, 𝑦) ≤ 𝑠[𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)] . 
The pair  (𝑋, 𝑑)  is called a  𝑏-metric space with coefficient  𝑠 . 

 Definition 2.2 [27] A partial metric on a nonempty set  𝑋  is a mapping  𝑝  :   𝑋 × 𝑋 → 𝑅+  such 
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that for all  𝑥, 𝑦, 𝑧 ∈ 𝑋 : 

• 𝑥 = 𝑦  if and only if  𝑝(𝑥, 𝑥) = 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑦) , 

• 𝑝(𝑥, 𝑥) ≤ 𝑝(𝑥, 𝑦) , 

• 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑥) , 

• 𝑝(𝑥, 𝑦) ≤ 𝑝(𝑥, 𝑧) + 𝑝(𝑧, 𝑦) - 𝑝(𝑧, 𝑧) . 

A partial metric space is a pair  (𝑋, 𝑝)  such that  𝑋  is a nonempty set and  𝑝  is a partial metric. 

 Definition 2.3 [34] A partial  𝑏 -metric on a nonempty set  𝑋  is a mapping  𝑝𝑏  :   𝑋 × 𝑋 → 𝑅+  

such that for some real number  𝑠 ≥ 1  and all  𝑥, 𝑦, 𝑧 ∈ 𝑋 : 

 𝑥 = 𝑦  if and only if  𝑝𝑏(𝑥, 𝑥) = 𝑝𝑏(𝑥, 𝑦) = 𝑝𝑏(𝑦, 𝑦) , 

• 𝑝𝑏(𝑥, 𝑥) ≤ 𝑝𝑏(𝑥, 𝑦) , 

• 𝑝𝑏(𝑥, 𝑦) = 𝑝𝑏(𝑦, 𝑥) , 

• 𝑝𝑏(𝑥, 𝑦) ≤ 𝑠[𝑝𝑏(𝑥, 𝑧) + 𝑝𝑏(𝑧, 𝑦)] - 𝑝𝑏(𝑧, 𝑧) . 

A partial  𝑏 -metric space is a pair  (𝑋, 𝑝𝑏)  such that  𝑋  is a nonempty set and  𝑝𝑏  is a partial  𝑏- 

metric on  𝑋 . The number  𝑠  is called the coefficient of  (𝑋, 𝑝𝑏) . 

 Definition 2.4 [10] A metric-like on a nonempty set  𝑋  is a mapping  𝜎  :   𝑋 × 𝑋 → 𝑅+  such 

that for all  𝑥, 𝑦, 𝑧 ∈ 𝑋 : 

• 𝜎(𝑥, 𝑦) = 0  implies  𝑥 = 𝑦 , 

• 𝜎(𝑥, 𝑦) = 𝜎(𝑦, 𝑥) , 

• 𝜎(𝑥, 𝑦) ≤ 𝜎(𝑥, 𝑧) + 𝜎(𝑧, 𝑦) . 

The pair  (𝑋, 𝜎)  is called a metric-like space. 
Every partial metric space is a metric-like space. Now we give some example of metric-like spaces. 

 Example 2.5 [33] Let  𝑋 = [0,1] . Then the mapping  𝜎1  :   𝑋 × 𝑋 → 𝑅+  defined by  𝜎1(𝑥, 𝑦) =
𝑥 + 𝑦 - 𝑥𝑦  is a metric-like on  𝑋 . 

 Example 2.6 [33] Let  𝑋 = 𝑅 , then the mappings  𝜎𝑖  :   𝑋 × 𝑋 → 𝑅+  ( 𝑖 ∈ {2,3,4} ) defined 
by  

𝜎2(𝑥, 𝑦) = |𝑥| + |𝑦| + 𝑎, 
𝜎3(𝑥, 𝑦) = |𝑥 − 𝑏| + |𝑦 − 𝑏|, 
𝜎4(𝑥, 𝑦) = 𝑥2 + 𝑦2, 

are metric-likes on  𝑋 , where  𝑎 ≥ 0  and  𝑏 ∈ 𝑅 . 

 Definition 2.7 [6] Let  𝑋  be a nonempty set and  𝑠 ≥ 1  be a given real number. A function  

𝜎𝑏  :   𝑋 × 𝑋 → 𝑅+  is a  𝑏 -metric-like if, for all  𝑥, 𝑦, 𝑧 ∈ 𝑋  the following conditions are satisfied: 

• 𝜎𝑏(𝑥, 𝑦) = 0  implies  𝑥 = 𝑦 , 

• 𝜎𝑏(𝑥, 𝑦) = 𝜎𝑏(𝑦, 𝑥) , 

• 𝜎𝑏(𝑥, 𝑦) ≤ 𝑠[𝜎𝑏(𝑥, 𝑧) + 𝜎𝑏(𝑧, 𝑦)] . 
A  𝑏 -metric-like space is a pair  (𝑋, 𝜎𝑏)  such that  𝑋  is a nonempty set and  𝜎𝑏  is a  𝑏 -metric-

like on  𝑋 . The number  𝑠  is called the coefficient of  (𝑋, 𝜎𝑏) . 

In a  𝑏 -metric-like space  (𝑋, 𝜎𝑏)  if  𝑥, 𝑦 ∈ 𝑋  and  𝜎𝑏(𝑥, 𝑦) = 0 , then  𝑥 = 𝑦 , but the converse 



                                             International Journal of Innovations in Science & Technology 

June 2022 | Vol 4|Issue 3        841 

may not be true and  𝜎𝑏(𝑥, 𝑥)  may be positive for  𝑥 ∈ 𝑋 . It is clear that every partial  𝑏 -metric 

space is a  𝑏 -metric-like space with the same coefficient  𝑠  and every  𝑏 -metric space is also a  𝑏 

-metric-like space with the same coefficient  𝑠 . However, the converses need not hold. 

 Example 2.8: Let  𝑋 = 𝑅+ ,  𝑝 > 1  a constant and  𝜎𝑏  :   𝑋 × 𝑋 → 𝑅+  be defined by  

𝜎𝑏(𝑥, 𝑦) = (𝑥 + 𝑦)𝑝  for all  𝑥, 𝑦 ∈ 𝑋. 
Then  (𝑋, 𝜎𝑏)  is a  𝑏 -metric-like space with coefficient  𝑠 = 2𝑝−1 , but it is not a partial  𝑏 -metric 

space. Indeed, for any  0 < 𝑦 < 𝑥  we have  𝜎𝑏(𝑥, 𝑥) = (𝑥 + 𝑥)𝑝 > (𝑥 + 𝑦)𝑝 = 𝜎𝑏(𝑥, 𝑦) , so (p 

𝑏2 ) of Definition 2.3 is not satisfied. 

The following propositions help us to construct some more examples of  𝑏 -metric-like spaces. 

 Proposition 2.9 Let  (𝑋, 𝜎)  be a metric-like space and  𝜎𝑏(𝑥, 𝑦) = [𝜎(𝑥, 𝑦)]𝑝 , where  𝑝 > 1  is 

a real number. Then  𝜎𝑏  is a  𝑏 -metric-like with coefficient  𝑠 = 2𝑝−1 . 

 Proof: The proof follows from the fact that  (𝑎 + 𝑏)𝑝 ≤ 2𝑝−1(𝑎𝑝 + 𝑏𝑝) , where  𝑎, 𝑏 ∈ 𝑅+ . 

From the above proposition and Examples 2.5 and 2.6 we have the following examples of  𝑏 -
metric-like spaces. 

 Example 2.10 Let  𝑋 = [0,1] . Then the mapping  𝜎𝑏1  :   𝑋 × 𝑋 → 𝑅+  defined by  𝜎𝑏1(𝑥, 𝑦) =
(𝑥 + 𝑦 - 𝑥𝑦)𝑝 , where  𝑝 > 1  is a real number, is a  𝑏 -metric-like on  𝑋  with 𝑠 = 2𝑝−1 . 

 Example 2.11 Let  𝑋 = 𝑅 . Then the mappings  𝜎𝑏𝑖  :   𝑋 × 𝑋 → 𝑅+  ( 𝑖 ∈ {2,3,4} ) defined by  

𝜎𝑏2(𝑥, 𝑦) = (|𝑥| + |𝑦| + 𝑎)𝑝, 
𝜎𝑏3(𝑥, 𝑦) = (|𝑥 − 𝑏| + |𝑦 − 𝑏|)𝑝, 
𝜎𝑏4(𝑥, 𝑦) = (𝑥2 + 𝑦2)𝑝, 

are  𝑏 -metric-like on  𝑋 , where  𝑝 > 1 ,  𝑎 ≥ 0  and  𝑏 ∈ 𝑅 . 

 Proposition 2.12 Let  𝑋  be a nonempty set such that  𝑑  and  𝑝𝑏  are  𝑏 -metric and partial  𝑏 -

metric, respectively,  𝑠 > 1  and  𝜎  is a metric-like on  𝑋 . Then the mappings  𝜎𝑏𝑖  :   𝑋 × 𝑋 →
𝑅+  ( 𝑖 ∈ {5,6,7} ) defined by  

𝜎𝑏5(𝑥, 𝑦) = 𝑝𝑏(𝑥, 𝑦) + 𝑑(𝑥, 𝑦), 
𝜎𝑏6(𝑥, 𝑦) = 𝜎(𝑥, 𝑦) + 𝑝𝑏(𝑥, 𝑦), 
𝜎𝑏7(𝑥, 𝑦) = 𝜎(𝑥, 𝑦) + 𝑑(𝑥, 𝑦), 

for all  𝑥, 𝑦 ∈ 𝑋  are  𝑏 -metric-like on  𝑋 . 
 Proof Let  (𝑋, 𝑝𝑏)  be a partial  𝑏 -metric space and  (𝑋, 𝑑)  be a  𝑏 -metric space with  𝑠 > 1. 

Then conditions ( 𝜎𝑏1 ), ( 𝜎𝑏2 ) and ( 𝜎𝑏3 ) are obvious for the function  𝜎𝑏5 . For instance, if  

𝑥, 𝑦, 𝑧 ∈ 𝑋  are arbitrary then, as  𝑝𝑏  is a partial  𝑏 -metric and  𝑑  is a  𝑏 -metric on  𝑋 , we have  

𝜎𝑏5(𝑥, 𝑦) = 𝑝𝑏(𝑥, 𝑦) + 𝑑(𝑥, 𝑦) 
≤ 𝑠[𝑝𝑏(𝑥, 𝑧) + 𝑝𝑏(𝑧, 𝑦)] − 𝑝𝑏(𝑧, 𝑧) + 𝑠[𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)] 
≤ 𝑠[𝑝𝑏(𝑥, 𝑧) + 𝑑(𝑥, 𝑧) + 𝑝𝑏(𝑧, 𝑦) + 𝑑(𝑧, 𝑦)] 
= 𝑠[𝜎𝑏5(𝑥, 𝑧) + 𝜎𝑏5(𝑧, 𝑦)]. 

Therefore, ( 𝜎𝑏3 ) is satisfied and so  (𝑋, 𝜎𝑏5)  is a  𝑏 -metric-like space. Similarly, one can show 

that  (𝑋, 𝜎𝑏6)  and  (𝑋, 𝜎𝑏7)  are  𝑏 -metric-like spaces. 
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From the above proposition and Examples 2.5 and 2.6 we have the following examples. 

 Example 2.13 Let  𝑋 = [0,1] . Then the mapping  𝜎𝑏7  :   𝑋 × 𝑋 → 𝑅+  defined by  𝜎𝑏7(𝑥, 𝑦) =
𝑥 + 𝑦 - 𝑥𝑦 + |𝑥 − 𝑦|𝑝 , where  𝑝 > 1  is a real number, is a  𝑏 -metric-like on  𝑋  with coefficient  

𝑠 = 2𝑝−1 . 

 Example 2.14 Let  𝑋 = 𝑅 . Then the mappings  𝜎𝑏𝑖  :   𝑋 × 𝑋 → 𝑅+  ( 𝑖 ∈ {8,9,10} ) defined 
by  

𝜎𝑏8(𝑥, 𝑦) = |𝑥| + |𝑦| + 𝑎 + |𝑥 − 𝑦|𝑝, 
𝜎𝑏9(𝑥, 𝑦) = |𝑥 − 𝑏| + |𝑦 − 𝑏| + |𝑥 − 𝑦|𝑝, 
𝜎𝑏10(𝑥, 𝑦) = 𝑥2 + 𝑦2 + |𝑥 − 𝑦|𝑝, 

are  𝑏 -metric-like on  𝑋  with coefficient  𝑠 = 2𝑝−1 , where  𝑝 > 1 ,  𝑎 ≥ 0  and  𝑏 ∈ 𝑅 . 

Each  𝑏 -metric-like  𝜎𝑏  on  𝑋  generates a topology  𝜏𝜎𝑏
  on  𝑋  whose base is the family of all 

open  𝜎𝑏 -balls  {𝐵𝜎𝑏
(𝑥, 𝜀):   𝑥 ∈ 𝑋,   𝜀 > 0} , where  𝐵𝜎𝑏

(𝑥, 𝜀) = {𝑦 ∈ 𝑋  : |𝜎𝑏(𝑥, 𝑦) - 

𝜎𝑏(𝑥, 𝑥)| < 𝜀}  for all  𝑥 ∈ 𝑋  and  𝜀 > 0 . 

Let  𝑆  be the class of all mappings  𝛽  : [0, ∞) → [0,
1

2𝑠2
)  which satisfy the condition:  𝛽𝑡𝑛 →

1

2𝑠2
  

whenever  𝑡𝑛 → 0.  Note that  𝑆 ≠ 𝜑  as mapping  𝑓  : [0, ∞) → [0,
1

2𝑠2
)  given by  𝑓𝑥 =

1

2𝑠2+𝑥
  

qualifies for a membership of  𝑆.  Let  𝑓  and  𝑔  be two self mappings on a nonempty set  𝑋.  If  
𝑥 = 𝑓𝑥  (respectively,  𝑓𝑥 = 𝑔𝑥  and  𝑥 = 𝑓𝑥 = 𝑔𝑥 ) for some  𝑥  in  𝑋 , then  𝑥  is called a fixed 

point of  𝑓  (respectively, coincidence and common fixed point of  𝑓  and  𝑔 ). We define the 

following sets  𝐹(𝑓) = {𝑥 ∈ 𝑋  :   𝑥 = 𝑓𝑥}  and  𝐶(𝑓, 𝑔) = {𝑥 ∈ 𝑋  : = 𝑥𝑔𝑥 = 𝑓𝑥}  . For a  
complete metric space  (𝑋, 𝑑) , we say that  𝑓  is a Picard operator if the sequence  𝑥𝑛+1 = 𝑓𝑥𝑛 =
𝑓𝑛𝑥0,   𝑛 = 0,1,2, . . .,  converges to  𝑥∗  for each  𝑥0 ∈ 𝑋 , that is, the set  𝐹(𝑓) = {𝑥∗} . The set  

{𝑥0, 𝑓𝑥0, 𝑓2𝑥0, 𝑓3𝑥0, ⋯ }  is called an orbit of  𝑓  at the point  𝑥0  and denoted by  𝑂𝑓(𝑥0).  
In 1973, Geraghty [19] gave following generalization of a Banach fixed point theorem. 

 Theorem 2.15  Let  (𝑋, 𝑑)  be a complete metric space and  𝑓  a self map on  𝑋 . If there exists  

𝛽 ∈ 𝑆  such that  𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝛽(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦) for all  𝑥, 𝑦 ∈ 𝑋.  Then  𝑓  is a Picard operator. 
In the following Harandi and Emami [10] reconsidered Theorem 2.15 in the framework of a 
partially ordered metric spaces. 

 Theorem 2.16 Let (𝑋, ≼, 𝑑)  be a partially ordered complete metric space. Let  𝑓  :   𝑋 → 𝑋  be 

an increasing mapping such that there exists an element  𝑥0 ∈ 𝑋  with  𝑥0 ≼ 𝑓𝑥0 . If  

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦) 

for each  𝑥, 𝑦 ∈ 𝑋  with  𝑥 ≼ 𝑦 , where  𝛼 ∈ 𝑆.  Then  𝑓  has a fixed point provided that either  𝑓  

is continuous or  𝑋  is such that if an increasing sequence  {𝑥𝑛} → 𝑥  in  𝑋 ; then  𝑥𝑛 ≼ 𝑥 , for all  

𝑛.  Besides, if for each  𝑥, 𝑦 ∈ 𝑋  there exists  𝑧 ∈ 𝑋  which is comparable to  𝑥  and  𝑦.  Then  𝑓  
has a unique fixed point. 

Definition 2.17 ([23]) Let  𝑓  and  𝑔  be two self-maps defined on a set  𝑋 . Then  𝑓  and  𝑔  are 
said to be weakly compatible if they commute at every coincidence point. 

Definition 2.18 Let  (𝑋, 𝑑)  be a metric space. Then the pair  {𝑓, 𝑔}  is said to be compatible if 
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and only if  𝑙𝑖𝑚
𝑛→∞

   𝑑(𝑓𝑔𝑥𝑛, 𝑔𝑓𝑥𝑛) = 0,  whenever  {𝑥𝑛}  is a sequence in  𝑋  such that  𝑙𝑖𝑚
𝑛→∞

   

𝑓𝑥𝑛 =   𝑙𝑖𝑚
𝑛→∞

   𝑔𝑥𝑛 = 𝑡  for some  𝑡 ∈ 𝑋.  

Definition 2.19 Let  𝑋  be a nonempty set. Then  (𝑋, 𝑑, ≼)  is called partially ordered  𝑏 -metric 

space if and only if  𝑑  is a  𝑏 -metric on a partially ordered set  (𝑋 , ≼). A subset  𝐾  of a partially 

ordered set  𝑋  is said to be well ordered if every two elements of  𝐾  are comparable.  

Definition 2.20 ([4]) Let  (𝑋, ≼)  be a partially ordered set. A mapping  𝑓  is called dominating if  

𝑥 ≼ 𝑓𝑥  for each  𝑥  in  𝑋.  
Example 2.21 ([4]) Let  𝑋 = [0,1]  be endowed with usual ordering and  𝑓  :   𝑋 → 𝑋  be defined 

by  𝑓𝑥 = √𝑥
3

.  Since  𝑥 ≤ 𝑥
1

3 = 𝑓𝑥  for all  𝑥 ∈ 𝑋.  Therefore  𝑓  is a dominating map. 

Definition 2.22 Let  (𝑋, ≼)  be a partially ordered set. A mapping  𝑓  is called dominated if  𝑓𝑥 ≼
𝑥  for each  𝑥  in  𝑋.  
Example 2.23 Let  𝑋 = [0,1]  be endowed with the usual ordering and  𝑓  :   𝑋 → 𝑋  be defined 

by  𝑓𝑥 = 𝑥𝑛  for some  𝑛 ∈ 𝑁.  Since  𝑓𝑥 = 𝑥𝑛 ≤ 𝑥  for all  𝑥 ∈ 𝑋. Hence, 𝑓  is a dominated map. 

Definition 2.24 ([9]) Let  (𝑋, ≼)  be a partially ordered set. Two mappings  𝑓, 𝑔  :   𝑋 → 𝑋  are 

said to be weakly increasing if  𝑓𝑥 ≼ 𝑔𝑓𝑥  and  𝑔𝑥 ≼ 𝑓𝑔𝑥  hold for all  𝑥 ∈ 𝑋  . 

Example 2.25 Let  𝑋 = 𝑅+  be endowed with usual order and usual topology. Let  𝑓, 𝑔  :   𝑋 →

𝑋  be defined by 𝑓𝑥 = { 𝑥
1

2,   if 𝑥 ∈ [0,1]

𝑥2,   if 𝑥 ∈ [1, ∞)
, 𝑔𝑥 = {

𝑥,   if 𝑥 ∈ [0,1)
2𝑥,   if 𝑥 ∈ [1, ∞)

. 

Then, the pair  (𝑓, 𝑔)  is weakly increasing where  𝑔  is a discontinuous mapping on  𝑅+ . 

We also need the following definitions and propositions in the setup of  𝑏 -metric spaces. 

Definition 2.26 ([14])  Let  (𝑋, 𝑑)  be a  𝑏 -metric space. Then a sequence  {𝑥𝑛}  in  𝑋  is called: 

(i) convergent if and only if there exists  𝑥 ∈ 𝑋  such that  𝑑(𝑥𝑛, 𝑥) → 0  as  𝑛 → +∞ . In this 

case, we write  𝑙𝑖𝑚
𝑛→∞

𝑥𝑛 = 𝑥. (ii) Cauchy if and only if  𝑑(𝑥𝑛, 𝑥𝑚) → 0  as  𝑛, 𝑚 → +∞.  

Proposition 2.27 (see remark 2.1 in [14]). In a  𝑏 -metric space  (𝑋, 𝑑)  the following assertions 
hold: (i) a convergent sequence has a unique limit, (ii) each convergent sequence is Cauchy, (iii) in 

general, a  𝑏 -metric is not continuous. 

Definition 2.28 ([14]) Let  (𝑋, 𝑑)  be a  𝑏 -metric space. If  𝑌  is a nonempty subset of  𝑋 , then 

the closure  𝑌  of  𝑌  is the set of limits of all convergent sequences of points in Y , i.e., 

𝑌 = {𝑥 ∈ 𝑋  :   there exists a sequence {𝑥𝑛} in Y such that 𝑙𝑖𝑚
𝑛→∞

𝑥𝑛 = 𝑥}. 

Taking into account of the above definition, we have the following concepts. 

Definition 2.29 ([14]) Let  (𝑋, 𝑑)  be a  𝑏 -metric space. Then a subset  𝑌 ⊂ 𝑋  is called closed if 

and only if for each sequence  {𝑥𝑛}  in  𝑌  which converges to an element  𝑥 , we have  𝑥 ∈ 𝑌  (i.e.  

𝑌   = 𝑌  ). 

Definition 2.30 ([14]) The  𝑏 -metric space  (𝑋, 𝑑)  is complete if every Cauchy sequence in  𝑋  
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converges. 

Definition 2.31 [6] Let  (𝑋, 𝜎𝑏)  be a  𝑏 -metric-like space with coefficient  𝑠  and let  {𝑥𝑛}  be any 

sequence in  𝑋  and  𝑥 ∈ 𝑋 . Then: (i) The sequence  {𝑥𝑛}  is said to be convergent to  𝑥  with 

respect to  𝜏𝜎𝑏
 , if 𝑙𝑖𝑚𝑛→∞ 𝜎𝑏 (𝑥𝑛, 𝑥) = 𝜎𝑏(𝑥, 𝑥) . (ii) The sequence  {𝑥𝑛}  is said to be a Cauchy 

sequence in  (𝑋, 𝜎𝑏)  if 𝑙𝑖𝑚𝑛,𝑚→∞ 𝜎𝑏 (𝑥𝑛, ≼ 𝑥𝑚)  exists and is finite. (iii)  (𝑋, 𝜎𝑏)  is said to be a 

complete  𝑏 -metric-like space if for every Cauchy sequence  {𝑥𝑛}  in  𝑋  there exists  𝑥 ∈ 𝑋  such 

that 𝑙𝑖𝑚
𝑚,𝑛→∞

𝜎𝑏(𝑥𝑛, 𝑥𝑚) = 𝑙𝑖𝑚
𝑛→∞

𝜎𝑏(𝑥𝑛, 𝑥) = 𝜎𝑏(𝑥, 𝑥) ⋅ 

It is clear that the limit of a sequence in a  𝑏 -metric-like space is usually not unique. 
Lemma 2.32  Let  (𝑋, 𝜎𝑏)  be a  𝑏 -metric-like space with coefficient  𝑠 > 1  and suppose that  {𝑥𝑛}  and  

{𝑦𝑛}  are convergent to  𝑥  and  𝑦 , respectively. Then we have  

1

𝑠2
𝜎𝑏(𝑥, 𝑦) −

1

𝑠
𝜎𝑏(𝑥, 𝑥) − 𝜎𝑏(𝑦, 𝑦) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑖𝑛𝑓𝜎𝑏(𝑥𝑛, 𝑦𝑛) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝𝜎𝑏(𝑥𝑛, 𝑦𝑛) 

≤ 𝑠𝜎𝑏(𝑥, 𝑥) + 𝑠2𝜎𝑏(𝑦, 𝑦) + 𝑠2𝜎𝑏(𝑥, 𝑦). 

In particular, if  𝜎𝑏(𝑥, 𝑦) = 0 , then 𝑙𝑖𝑚
𝑛→∞

𝜎𝑏(𝑥𝑛, 𝑦𝑛) = 0 . Moreover, for each  𝑧 ∈ 𝑋  we have  

1

𝑠
𝜎𝑏(𝑥, 𝑧) − 𝜎𝑏(𝑥, 𝑥) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑖𝑛𝑓𝜎𝑏(𝑥𝑛, 𝑧) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝𝜎𝑏(𝑥𝑛, 𝑧) 

≤ 𝑠𝜎𝑏(𝑥, 𝑧) + 𝑠𝜎𝑏(𝑥, 𝑥). 

if  𝜎𝑏(𝑥, 𝑥) = 0 , then 
1

𝑠
𝜎𝑏(𝑥, 𝑧) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑖𝑛𝑓𝜎𝑏(𝑥𝑛, 𝑧) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝𝜎𝑏(𝑥𝑛, 𝑧) ≤ 𝑠𝜎𝑏(𝑥, 𝑧). 

 Proof Using the triangle inequality in a  𝑏 -metric-like space it is easy to see that  

𝜎𝑏(𝑥, 𝑦) ≤ 𝑠𝜎𝑏(𝑥, 𝑥𝑛) + 𝑠2𝜎𝑏(𝑥𝑛, 𝑦𝑛) + 𝑠2𝜎𝑏(𝑦𝑛, 𝑦) and  

𝜎𝑏(𝑥𝑛, 𝑦𝑛) ≤ 𝑠𝜎𝑏(𝑥𝑛, 𝑥) + 𝑠2𝜎𝑏(𝑥, 𝑦) + 𝑠2𝜎𝑏(𝑦, 𝑦𝑛). 
Taking the lower limit as  𝑛 → ∞  in the first inequality and the upper limit as  𝑛 → ∞  in the 

second inequality we obtain the first desired result. If  𝜎𝑏(𝑥, 𝑦) = 0 , then by the triangle inequality 

we get  𝜎𝑏(𝑥, 𝑥) = 0  and  𝜎𝑏(𝑦, 𝑦) = 0 . Therefore, we have  𝑙𝑖𝑚𝑛→∞ 𝜎𝑏 (𝑥𝑛, 𝑦𝑛) = 0 . Similarly, 
using again the triangle inequality the other assertions follow.  

Contraction Conditions and Fixed Point Results 
It is well known that a self-map  𝑓  on a metric space  (𝑋, 𝑑)  is said to be a Banach contraction 

mapping, if there exists a number  𝑘 ∈ [0,1)  such that  

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑘𝑑(𝑥, 𝑦) 
for all  𝑥, 𝑦 ∈ 𝑋 . A mapping  𝑓  :   𝑋 → 𝑋  is called a quasicontraction if for some constant  𝛼 ∈ [0,1)  

and for every  𝑥, 𝑦 ∈ 𝑋, 𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝛼𝑚𝑎𝑥{𝑑(𝑥, 𝑦), 𝑑(𝑥, 𝑓𝑥), 𝑑(𝑦, 𝑓𝑦), 𝑑(𝑥, 𝑓𝑦), 𝑑(𝑦, 𝑓𝑥)}. 
This concept was introduced and studied by Lj. Ćirić in 1974 [15].  

 Definition 2.33 Let  (𝑿, ≼, 𝒅𝒃)  be a partially ordered  𝒃 -metric-like space. If there exist  𝜷 ∈ 𝑺 

such that  𝑑𝑏(𝑓𝑥, 𝑔𝑦) ≤ 𝛽(𝑀(𝑥, 𝑦))𝑁(𝑥, 𝑦), for all  𝑥, 𝑦 ∈ 𝑋  with  𝑥 ≼ 𝑦 , where  
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𝑀(𝑥, 𝑦) = 𝑚𝑎𝑥{𝑑𝑏(𝑥, 𝑦), 𝑑𝑏(𝑥, 𝑓𝑥), 𝑑𝑏(𝑦, 𝑔𝑦),
1

2
[𝑑𝑏(𝑥, 𝑓𝑥) + 𝑑𝑏(𝑦, 𝑔𝑦)]}) 

and 

𝑁(𝑥, 𝑦) =
1

2𝑠
𝑚𝑎𝑥{𝑑𝑏(𝑥, 𝑦), 𝑑𝑏(𝑥, 𝑓𝑥), 𝑑𝑏(𝑦, 𝑔𝑦), 𝑑𝑏(𝑥, 𝑔𝑦), 𝑑𝑏(𝑦, 𝑓𝑥)}). 

Then  𝑓  and  𝑔  are said to be generalized  𝛽 -order contractive mappings. We start to this section 
with the following theorem in which we guarantee the existence of a common fixed point of 

generalized  𝛽 -order contractive mappings in partially ordered  𝑏 -metric-like spaces. 

 Definition 2.34 Let  (𝑋, ≼, 𝑑𝑏)  be a partially ordered  𝑏 -metric-like space. If there exist  𝛽 ∈ 𝑆  

such that  𝑑𝑏(𝑓𝑥, 𝑓𝑦) ≤ 𝛽(𝑀(𝑥, 𝑦))𝑁(𝑥, 𝑦), for all  𝑥, 𝑦 ∈ 𝑋  with  𝑥 ≼ 𝑦 , where  

𝑀(𝑥, 𝑦) = 𝑚𝑎𝑥{𝑑𝑏(𝑥, 𝑦), 𝑑𝑏(𝑥, 𝑓𝑥), 𝑑𝑏(𝑦, 𝑓𝑦),
1

2
[𝑑𝑏(𝑥, 𝑓𝑥) + 𝑑𝑏(𝑦, 𝑓𝑦)]}) 

and 

𝑁(𝑥, 𝑦) =
1

2𝑠
𝑚𝑎𝑥{𝑑𝑏(𝑥, 𝑦), 𝑑𝑏(𝑥, 𝑓𝑥), 𝑑𝑏(𝑦, 𝑓𝑦), 𝑑𝑏(𝑥, 𝑓𝑦), 𝑑𝑏(𝑦, 𝑓𝑥)}). 

Then  𝑓  is said to be  𝛽 -order contractive mappings. We start to this section with the following theorem 

in which we guarantee the existence of a fixed point of  𝛽 -order contractive mappings in partially ordered  

𝑏 -metric-like spaces. 

Common Fixed Point Result 
Theorem 3.1  Let  (𝑋, ≼, 𝑑𝑏)  be a partially ordered complete  𝑏 -metric-like space. Suppose that  

𝑓, 𝑔  :   𝑋 → 𝑋  are two weakly increasing and generalized  𝛽 - order contractive mappings. 

Suppose also that there exists  𝑥0 ∈ 𝑋  such that  𝑓𝑥0 ≼ 𝑔𝑓𝑥0 . Assume that either  𝑓, 𝑔  are 

continuous or  𝑋  has a sequential limit comparison property .  Then  𝑓  and  𝑔  have a unique 
common fixed point if and only if the set of all common fixed point is well ordered. 

 Proof Let  𝑥0  be given such that  𝑓𝑥0 ≼ 𝑔𝑓𝑥0 . We define a sequence  {𝑥𝑛}  in  𝑋  in the following 

way: 𝑥2𝑛+1 = 𝑓𝑥2𝑛 and 𝑥2𝑛+2 = 𝑔𝑥2𝑛+1 for all 𝑛 ≥ 0. 
So, we have 𝑥1 = 𝑓𝑥0 ≼ 𝑔𝑓𝑥0 = 𝑔𝑥1 = 𝑥2. 
Analogously,  𝑥2 = 𝑔𝑥1 ≼ 𝑓𝑔𝑥1 = 𝑓𝑥2 = 𝑥3.  Iteratively, we obtain that  

𝑥1 ≼ 𝑥2 ≼ 𝑥3 ≼ 𝑥4 ≼ ⋯ ≼ 𝑥𝑛 ≼ 𝑥𝑛+1 ≼ ⋯. 
Owing to the fact that  𝑥2𝑛  and  𝑥2𝑛+1  are comparable together the assumption  (1 ) , we have    

 𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2)) = 𝑑𝑏(𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1) 

<
1

2𝑠2
(

1

2𝑠
𝑚𝑎𝑥{𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1), 𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2), 

𝑠[𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1) + 𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2)],2𝑠𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1)})  <
1

2𝑠2
𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1)

< 𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1) 

It is clear that if we take  ℎ =
1

2𝑠2 , then the expression (2) turns into  

𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2) < ℎ𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1). 
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By using the same argument, we also get 𝑠[{𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) +

𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+3)],2𝑠𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1)}) <
1

2𝑠2 𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) < 𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) 

implies that 𝑑𝑏(𝑥2𝑛+3, 𝑥2𝑛+2) < ℎ𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1). Hence, we conclude that 𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) ≤

ℎ𝑑𝑏(𝑥𝑛, 𝑥𝑛−1) where  ℎ =
1

2𝑠2
.  Obviously,  0 ≤ ℎ < 1.  Repeating the above process, we get 

𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) ≤ ℎ𝑑𝑏(𝑥𝑛, 𝑥𝑛−1) ≤. . . ≤ ℎ𝑛𝑑𝑏(𝑥1, 𝑥0), 
for all  𝑛 ≥ 1,  and so for  𝑚 > 𝑛,  using triangular inequality, we have 

𝑑𝑏(𝑥𝑛, 𝑥𝑚) ≤ 𝑠𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑠2𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2)+. . . +𝑠𝑚−𝑛𝑑𝑏(𝑥𝑚−1, 𝑥𝑚))  

=
𝑠ℎ𝑛

1 − 𝑠ℎ
𝑑𝑏(𝑥0, 𝑥1). 

Since, by assumption,  ℎ <
1

𝑠
,  it follows that  𝑙𝑖𝑚

𝑚,𝑛→∞
𝑑𝑏(𝑥𝑛, 𝑥𝑚) = 0.  Since  𝑋  is complete, there 

exist  𝑥∗ ∈ 𝑋  such that 𝑙𝑖𝑚
𝑚,𝑛→∞

𝑑𝑏(𝑥𝑛, 𝑥𝑚) = 𝑙𝑖𝑚
𝑛→∞

𝑑𝑏(𝑥𝑛, 𝑥∗) = 𝑑𝑏(𝑥∗, 𝑥∗) = 0 ⋅ 

Now, we shall consider two alternative cases. First, suppose that  𝑓  is continuous, then it is clear 

that  𝑥∗  is a fixed point of  𝑓 . Now we show that  𝑥∗ = 𝑔𝑥∗ . Suppose, on the contrary, that  

𝑑𝑏(𝑥∗, 𝑔𝑥∗) > 0 . Regarding  𝑥∗ ≼ 𝑥∗  together with the inequality (1), we conclude that  

𝑑𝑏(𝑥∗, 𝑔𝑥∗) = 𝑑𝑏(𝑓𝑥∗, 𝑔𝑥∗) <
1

4𝑠3
𝑑𝑏(𝑥∗, 𝑔𝑥∗) 

a contradiction. Hence  𝑥∗ = 𝑔𝑥∗  and  𝑥∗  is the common fixed point of  𝑓  and  𝑔 . For the 

second and last case, we assume that  𝑋  has a sequential limit comparison property. Thus, we have  

𝑥∗ ≼ 𝑥𝑛.Consequently, we find that 𝑑(𝑓𝑥∗, 𝑥𝑛+1) = 𝑑(𝑓𝑥∗, 𝑔𝑥𝑛) ≤ 𝛽(𝑀(𝑥∗, 𝑥𝑛))𝑁(𝑥∗, 𝑥𝑛). 

Taking limit as  𝑛 → ∞ , (using Lemma (2.16 {N. Hussain}), as  𝑑𝑏(𝑥∗, 𝑥∗) = 0 ) it follows that 
1

𝑠
𝑑𝑏(𝑓𝑥∗, 𝑥∗) < (

1

2𝑠2
)

𝑠

2𝑠
𝑑𝑏(𝑓𝑥∗, 𝑥∗), 

and hence  𝑑𝑏(𝑓𝑥∗, 𝑥∗) <
1

4𝑠
𝑑𝑏(𝑓𝑥∗, 𝑥∗)  which shows that  𝑓𝑥∗ = 𝑥∗ . Similarly,  𝑔𝑥∗ = 𝑥∗ . 

Here we show that the common fixed point of such mappings is unique. Suppose that the set of 

common fixed point is well ordered. If  �̃�  and  𝑥∗  are two common fixed point of  𝑓  and  𝑔 , 

such that  �̃�   ≠   𝑥∗ , then from inequality (1) we have 𝑑(𝑥∗, �̃�) = 𝑑(𝑓𝑥∗, 𝑔�̃�) 

≤ 𝛽(𝑀(𝑥∗, �̃�))𝑁(𝑥∗, �̃�) <
1

2𝑠2
𝑑(𝑥∗, �̃�) < 𝑑(𝑥∗, �̃�), 

a contradiction. Hence  𝑓  and  𝑔  have a unique common fixed point. 

 Example 3.2 Let  𝑋 = {1,2,3,4}  be a partially ordered set defined  ≼  on  𝑋  by  

≼: = {(1,1), (1,2), (1,3), (1,4), (2,2), (2,3), (2,4), (3,3), (3,4), (4,4)}. 

Define two self maps  𝑓  and  𝑔  such that 𝑓 = (
1  2  3  4
1  1  2  1

) ,  𝑔 = (
1  2  3  4
1  1 1  2

). 

It is straight forward to check that  𝑓  and  𝑔  are weakly increasing maps on  𝑋 . Define first the  

𝑏 -metric like  𝑑  on  𝑋  by  𝑑(1,1) = 0,   𝑑(2,2) = 0,   𝑑(3,3) = 20 = 𝑑(4,4),   𝑑(𝑥, 𝑦) =
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𝑑(𝑦, 𝑥),   𝑑(1,2) =
1

5
,   𝑑(1,3) = 𝑑(1,4) = 𝑑(2,3) = 𝑑(2,4) = 10,  and  𝑑(3,4) = 5.  Then  

(𝑋, 𝑑)  is a  𝑏 -metric like space with  𝑠 =
15

10
 , and the function  𝛽𝑥 =

1

2𝑠2+𝑥
 . Note that 

(𝑥, 𝑦) 𝑑(𝑓𝑥, 𝑔𝑦) 𝛽(𝑀(𝑥, 𝑦))𝑁(𝑥, 𝑦)
(1,4) 0.2 0.4598
(2,4) 0.2 0.4598
(3,3) 0.2 0.2721
(4,4) 0.2 0.2721

Thus all the conditions of Theorem 3.1 are satisfied and  1  

is the unique common fixed point of  𝑓  and  𝑔. Note that, for  (𝑥, 𝑦) = (3,3)  or  (4,4) ,  

𝑑(𝑓𝑥, 𝑔𝑦) ≤ 𝑘𝑑(𝑥, 𝑦)  is not satisfied for any value of  𝑘. 

Theorem 3.3  Let  (𝑋, ≼, 𝑑𝑏)  be a partially ordered complete  𝑏 -metric-like space. Suppose that  

𝑓  :   𝑋 → 𝑋  is dominating and  𝛽 - order contractive mappings. Suppose also that there exists  

𝑥0 ∈ 𝑋  such that  𝑓𝑥0 ≼ 𝑔𝑓𝑥0 . Assume that either  𝑓  is continuous or  𝑋  has a sequential limit 

comparison property .  Then  𝑓  has a unique fixed point if and only if the set of all fixed point is 
well ordered. 

 Proof Let  𝑥0  be given such that  𝑥0 ≼ 𝑓𝑥0 . We define a sequence  {𝑥𝑛}  in  𝑋  in the following 

way: 𝑥2𝑛+1 = 𝑓𝑥2𝑛 for all 𝑛 ≥ 0. So we have 𝑥0 ≼ 𝑓𝑥0 = 𝑥1. Analogously,  𝑥2 = 𝑓𝑥1  and  𝑥1 ≼
𝑓𝑥1 = 𝑥2  implies  𝑥1 ≼ 𝑥2.  Iteratively, we obtain that  𝑥0 ≼ 𝑥1 ≼ 𝑥2 ≼ 𝑥3 ≼ 𝑥4 ≼ ⋯ ≼ 𝑥𝑛 ≼
𝑥𝑛+1 ≼ ⋯.Owing to the fact that  𝑥2𝑛  and  𝑥2𝑛+1  are comparable together the assumption  (1 ) 
, we derive that 

𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2) = 𝑑𝑏(𝑓𝑥2𝑛, 𝑓𝑥2𝑛+1) 

<
1

2𝑠2
(

1

2𝑠
𝑚𝑎𝑥{𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1), 𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2), 

𝑠[𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1) + 𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2)],2𝑠𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1)}) 

<
1

2𝑠2
𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1) < 𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1) 

It is clear that if we take  ℎ =
1

2𝑠2
 , then the expression (2) turns into  

𝑑𝑏(𝑥2𝑛+1, 𝑥2𝑛+2) < ℎ𝑑𝑏(𝑥2𝑛, 𝑥2𝑛+1). 
By using the same argument, we also get 

𝑠[{𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) + 𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+3)],2𝑠𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1)})  

<
1

2𝑠2
(

1

2𝑠
𝑚𝑎𝑥{𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1), 𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+3), 

𝑠[{𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) + 𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+3)],2𝑠𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1)}) 

<
1

2𝑠2
𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) < 𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1) 

implies that 𝑑𝑏(𝑥2𝑛+3, 𝑥2𝑛+2) < ℎ𝑑𝑏(𝑥2𝑛+2, 𝑥2𝑛+1). Hence, we conclude that 𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) ≤

ℎ𝑑𝑏(𝑥𝑛, 𝑥𝑛−1), where  ℎ =
1

2𝑠2.  Obviously,  0 ≤ ℎ < 1.  Repeating the above process, we get 

𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) ≤ ℎ𝑑𝑏(𝑥𝑛, 𝑥𝑛−1) ≤. . . ≤ ℎ𝑛𝑑𝑏(𝑥1, 𝑥0), 
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for all  𝑛 ≥ 1,  and so for  𝑚 > 𝑛,  using triangular inequality, we have 

𝑑𝑏(𝑥𝑛, 𝑥𝑚) ≤ 𝑠𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑠2𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2)+. . . +𝑠𝑚−𝑛𝑑𝑏(𝑥𝑚−1, 𝑥𝑚)) 

≤ 𝑠ℎ𝑛𝑑𝑏(𝑥0, 𝑥1) + 𝑠2ℎ𝑛+1𝑑𝑏(𝑥0, 𝑥1)+. . . +𝑠𝑚−𝑛ℎ𝑚−1𝑑𝑏(𝑥0, 𝑥1) =
𝑠ℎ𝑛

1 − 𝑠ℎ
𝑑𝑏(𝑥0, 𝑥1). 

Since, by assumption,  ℎ <
1

𝑠
,  it follows that  𝑙𝑖𝑚

𝑚,𝑛→∞
𝑑𝑏(𝑥𝑛, 𝑥𝑚) = 0.  Since  𝑋  is complete, there 

exist  𝑥∗ ∈ 𝑋  such that 𝑙𝑖𝑚
𝑚,𝑛→∞

𝑑𝑏(𝑥𝑛, 𝑥𝑚) = 𝑙𝑖𝑚
𝑛→∞

𝑑𝑏(𝑥𝑛, 𝑥∗) = 𝑑𝑏(𝑥∗, 𝑥∗) = 0 ⋅ 

Since  𝑓  is continuous, then it is clear that  𝑥∗  is a fixed point of  𝑓 . For the second and last case, 

we assume that  𝑋  has a sequential limit comparison property. Thus, we have  𝑥∗ ≼ 𝑥𝑛 . 

Consequently, we find that 𝑑(𝑓𝑥∗, 𝑥𝑛+1) = 𝑑(𝑓𝑥∗, 𝑓𝑥𝑛) ≤ 𝛽(𝑀(𝑥∗, 𝑥𝑛))𝑁(𝑥∗, 𝑥𝑛). 

Taking limit as  𝑛 → ∞ , (using Lemma (2.16 {N. Hussain}), as  𝑑𝑏(𝑥∗, 𝑥∗) = 0 ) it follows that 
1

𝑠
𝑑𝑏(𝑓𝑥∗, 𝑥∗) < (

1

2𝑠2
)

𝑠

2𝑠
𝑑𝑏(𝑓𝑥∗, 𝑥∗), 

and hence  𝑑𝑏(𝑓𝑥∗, 𝑥∗) <
1

4𝑠
𝑑𝑏(𝑓𝑥∗, 𝑥∗)  which shows that  𝑓𝑥∗ = 𝑥∗ . 

Here we show that the fixed point of such mappings is unique. Suppose that the set of fixed point 

is well ordered. If  �̃�  and  𝑥∗  are two fixed point of  𝑓  , such that  �̃�   ≠   𝑥∗ , then from inequality 

(1) we have 𝑑(𝑥∗, �̃�) = 𝑑(𝑓𝑥∗, 𝑓�̃�) ≤ 𝛽(𝑀(𝑥∗, �̃�))𝑁(𝑥∗, �̃�) <
1

2𝑠2 𝑑(𝑥∗, �̃�) < 𝑑(𝑥∗, �̃�), 

a contradiction. Hence  𝑓  has a unique common fixed point. 
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