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In this paper we discuss common fixed point result of b-metric-like space. As an application,
we prove certain common fixed-point results in the setup of such spaces for f-ordered
contractive mapping. Finally, one example is presented in order to verify the effectiveness and
applicability of our main results.

Introduction

There are many generalizations of the notion of metric space. Alber and Guerre-Delabrere [§]
introduced the theme of a weakly contractive mapping defined on a Hilbert space is a Picard
operator. Rhoades [32] proved the same results considering a complete metric space as an
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alternative of Hilbert space as a domain of the mapping.

Czerwik [17] and Matthews [27] introduced the concepts of b -metric space and partial metric
space respectively. On the basis of these two concepts, Shukla [34] proved another idea which is
called a partial b -metric space. Since then, several papers have been published on the fixed point

theory of various classes of single-valued and multi-valued operators in b -metric spaces (see also
[12,13,35]). Pacurar [29] given some results on sequences of almost contractions and fixed points
in b -metric spaces. Hussain and Shah [22] obtained few tesults on KKM mappings in cone b -
metric spaces. Recently, Khamsi [25] and Khamsi and Hussain [26] have dealt with spaces of this
kind, although under different names (in the spaces called metric-type) and obtained (common)
tixed point results. In particular, they showed that most of the new fixed point existence results of
contractive mappings defined on such metric spaces are merely copies of the classical ones.

The existence of fixed points in partially ordered metric spaces was first investigated in 2004 by
Ran and Reurings [30], and then by Nieto and Rodriguez-Lopez [28]. Amini-Harandi [10] work on
a new extension of the concept of partial metric space, called a metric-like space on the other hand.
The concept of b -metric-like space which extends the notions of partial metric space, metric-like
space and b -metric space was given by Alghamdi ¢# a/. [6]. They established the existence and
uniqueness of fixed points in a b -metric-like space as well as in a partially ordered b -metric-like
space. In addition, as an application, they derived some new fixed point and coupled fixed point
results in partial metric spaces, metric-like spaces and b -metric spaces (see also [16,20,21,22,26]).
On the parallel lines the study of common fixed points of mappings satisfying certain contractive
conditions can be employed to establish existence of solutions of certain operator equations such
as differential and integral equations. Beg and Abbas [11] obtained common fixed points extending
a weak contractive condition to two maps. In 2009, Doric [18] proved common fixed point
theorems for generalized (Y, ) - weakly contractive mappings. Abbas and Doric [5] obtained a
common fixed point theorem for four maps. For more work in this direction, we refer to
[11,24,32,36] and references mentioned therein. The aim of this paper is to examine more closely
the structure of such spaces and obtain certain common fixed point results. In this context, we
demonstrate a fundamental lemma for the convergence of sequences in b -metric-like spaces and
by using it we prove certain common fixed point results in the setup of such spaces. Finally,
examples are presented in order to verify the effectiveness and applicability of our main results.

Preliminaries
Definition 2.1 [17] Let X be a nonempty set and § =1 be a given real number. A function
d : XXX - R" isa b-metricif, forall x,y,z € X, the following conditions are satisfied:
e d(x,y)=0 ifandonlyif x =y,
e d(x,y)=d(yx),
o d(x,y)<sl[d(x,z)+d(zy)].
The pair (X, d) is called a b-metric space with coefficient s .
Definition 2.2 [27] A partial metric on a nonempty set X is a mapping p : X X X > R* such
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that forall x,y,z € X :
* x =y ifandonlyif p(x,x) =p(x,y) =p(1,y),
* pex)=py),
* rey)=p(.x),
* pey)=p(x2) tp@zy)-r(z2).
A partial metric space is a pair (X,p) such that X isa nonempty setand p is a partial metric.
Definition 2.3 [34] A partial b -metric on a nonempty set X is a mapping pp : X XX - R*
such that for some real number s > 1 andall x,y,z € X :
x =y ifand onlyif pp(x,%) = pp(x,¥) =06V, ¥),
* pp(6x) <pp(x,y),
* pr(y) =P (%),
* pr(xy) <s[pp(x,2) + (2, )] -Pp(2,2) .
A partial b -metric space is a pair (X,pp) such that X is a nonempty set and pj, is a partial b-
metric on X . The number s is called the coefficient of (X,pp) .
Definition 2.4 [10] A metric-like on a nonempty set X is a mapping 0 : X XX - R* such
that forall x,y,z € X :
* o(x,y) =0 implies x =y,
 oxy)=0yx),
s o(x,y)<od(xz)+o(zy).
The pair (X, 0) is called a metric-like space.
Every partial metric space is a metric-like space. Now we give some example of metric-like spaces.
Example 2.5 [33] Let X = [0,1] . Then the mapping 07 : X X X = R* defined by 0y(x,y) =
X +y-xy isametric-like on X .
Example 2.6 [33] Let X = R , then the mappings g; : X XX = R* (i€ {2,3,4}) defined
by
o (x,y) =Ix| + |yl +a,
o3(x,y) = |x = b| + |y — b],
oa(x,y) = x* +y?,
are metric-likes on X ,where a >0 and b ER .
Definition 2.7 [6] Let X be a nonempty set and s =1 be a given real number. A function
0, : XXX - RY isa b-metric-like if, forall x,y,z € X the following conditions are satisfied:
* op(x,y) =0 implies x =y,
© op(%y)=0(¥,X),
* 0p(%,y) < s[op(x,2) + 0p(2,1)] .
A b -metric-like space is a pair (X, 0,) such that X isa nonempty set and 0} isa b -mettic-
like on X . The number s is called the coefficient of (X, ay) .
Ina b -metric-like space (X,0p) if x,y € X and 0,(x,y) = 0, then x =y, but the converse
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may not be true and (X, x) may be positive for x € X . It is clear that every partial b -metric
space is a b -metric-like space with the same coefficient § and every b -metric space is also a b
-metric-like space with the same coefficient s . However, the converses need not hold.
Example 2.8:Tet X =R*, p>1 aconstantand 0, : X XX = R™ be defined by
op(x,y) = (x +y)P forall x,y € X.
Then (X, 0p) isa b -metric-like space with coefficient s = 2P~1 | but it is not a partial b -metric
space. Indeed, forany 0 <y < x we have 0,(x,x) = (x + x)? > (x + y)P = 0,(x,y) , s0 (p
b2 ) of Definition 2.3 is not satisfied.
The following propositions help us to construct some mote examples of b -metric-like spaces.
Proposition 2.9 Let (X,0) be a metric-like space and 03, (x,y) = [0(x,¥)]P , where p > 1 is
a real number. Then 0}, isa b -metric-like with coefficient s = 2P71 |
Proof: The proof follows from the fact that (a + b)P < 2P~1(aP + bP) , where a,b € R* .
From the above proposition and Examples 2.5 and 2.6 we have the following examples of b -
metric-like spaces.
Example 2.10 Let X = [0,1] . Then the mapping g5, : X X X = R defined by 0, (x,y) =
(x +y -xy)P ,where p > 1 isa real number, is a b -metric-like on X with s = 2P~
Example 2.11 Let X = R . Then the mappings gp; : X XX - R* (i € {2,3,4}) defined by
ap2(x,¥) = (x| + |y| + a)?,
op3(x,y) = (Ix = b| + |y = b])?,
o-b4(x' y) = (xz + yZ)p,
are b -metric-like on X ,where p>1, a=>0 and b ER.
Proposition 2.12 Let X be a nonempty set such that d and p, are b -metric and partial b -
metric, respectively, § > 1 and o is a metric-like on X . Then the mappings gp; @ X X X —
R* (i € {5,6,7}) defined by
ops(x,¥) = pp(x,y) + d(x,y),
Ube(X,y) = O'(X, y) + pb(x'y)'
97 (%,Y) = 0(x,¥) +d(x,y),
forall x,y € X are b -metric-likeon X .
Proof Let (X,pp) be a partial b -metric space and (X,d) bea b -metric space with s > 1.
Then conditions ( 0,1 ), (0,2 ) and ( 0,3 ) are obvious for the function 05 . For instance, if
X,y,Z € X are arbitrary then, as pp, is a partial b -metricand d isa b -metric on X , we have
ops (X, y) = pp(x,¥) + d(x,y)
< slpp(x,2) + pp(2,¥)] — Pp(2,2) + s[d(x,2) + d(z,y)]
< slpp(x,2) +d(x,2) + pp(2,y) + d(z,y)]
= s[ops (%, 2) + 0ps5(2, y)]-
Therefore, ( 0,3 ) is satisfied and so (X, 0p5) is a b -metric-like space. Similatly, one can show
that (X, 0p¢) and (X, 0p7) ate b -metric-like spaces.
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From the above proposition and Examples 2.5 and 2.6 we have the following examples.
Example 2.13 Let X = [0,1] . Then the mapping g5; : X X X > R* defined by 0;,;(x,y) =
x+y-xy+|x—y|P,where p>1 isareal number, isa b -metric-like on X with coefficient
s=2r1,
Example 2.14 Let X = R . Then the mappings d5; : X XX —» R* (i €{8,9,10}) defined
by

ops(x,y) = |x| + [yl +a+ [x —y[P,

Opo(x,y) =[x = b| + |y —b| + |x —y|?,

op10(x,¥) = x% +y% + [x — yI?,
are b -metric-like on X with coefficient s = 2P™! where p >1, a >0 and b ER.
Each b -metric-like 0, on X generates a topology 75, on X whose base is the family of all
open 0y -balls {Bg, (x,&): x€X, &>0}, where By (x,&) ={y€X :|op(x,y) -
op(x,x)| <€} forall x €EX and €>0.

Let S be the class of all mappings f :[0,00) — [0, %) which satisfy the condition: Bt, — %
whenever t, = 0. Note that S # ¢ as mapping f :[0,00) — [0, ﬁ) given by fx = ﬁ

qualifies for a membership of S. Let f and g be two self mappings on a nonempty set X. If
X = fx (respectively, fx = gx and x = fx = gx ) for some x in X ,then x is called a fixed
point of f (respectively, coincidence and common fixed point of f and g ). We define the
following sets F(f) ={x €X : x=fx} and C(f,g) ={x€X :=xgx = fx} .Fora
complete metric space (X, d) , we say that f is a Picard operator if the sequence Xp4q1 = fx, =
f"xy, n=0,12,... convergesto X" foreach xy € X, thatis, the set F(f) = {x*}. The set
{x0, fX0, f?X0, f3%0, - } is called an orbit of f at the point X, and denoted by Of(xo).
In 1973, Geraghty [19] gave following generalization of a Banach fixed point theorem.
Theorem 2.15 Let (X,d) be a complete metric space and f a self map on X . If there exists
B €S suchthat d(fx, fy) < p(d(x,y))d(x,y) forall x,y € X. Then f isa Picard operator.
In the following Harandi and Emami [10] reconsidered Theorem 2.15 in the framework of a
partially ordered metric spaces.
Theorem 2.16 Let (X, X, d) be a partially ordered complete metric space. Let f @ X = X be
an increasing mapping such that there exists an element xy € X with xy < fxg . If

d(fx, fy) = a(d(x,y))d(x,y)
foreach x,y € X with x <y ,where @ €S. Then f has a fixed point provided that either f
is continuous or X is such that if an increasing sequence {x,} = x in X ; then x, < x, forall
n. Besides, if for each x,y € X there exists z € X which is comparable to x and y. Then f
has a unique fixed point.
Definition 2.17 ([23]) Let f and g be two self-maps defined on a set X . Then f and g are
said to be weakly compatible if they commute at every coincidence point.
Definition 2.18 Let (X,d) be a metric space. Then the pair {f, g} is said to be compatible if
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and only if lim d(fgx,, gfx,) =0, whenever {x,} isasequencein X such that lim
n—-oo

n—-oo

fx,= lim gx, =t forsome t € X.

n—oo

Definition 2.19 Let X be a nonempty set. Then (X, d, <) is called partially ordered b -metric
space if and only if d isa b -metric on a partially ordered set (X, <). A subset K of a partially
ordered set X is said to be well ordered if every two elements of K are comparable.

Definition 2.20 ([4]) Let (X, <) be a partially ordered set. A mapping f is called dominating if
X < fx foreach x in X.

Example 2.21 ([4]) Let X = [0,1] be endowed with usual orderingand f : X — X be defined

by fx = /x. Since x < xé = fx forall x € X. Therefore f isa dominating map.
Definition 2.22 Let (X, <) be a partially ordered set. A mapping f is called dominated if fx <
x foreach x in X.

Example 2.23 Let X = [0,1] be endowed with the usual ordering and f : X — X be defined
by fx = x™ forsome n € N. Since fx = x™ < x forall x € X. Hence, f is a dominated map.
Definition 2.24 ([9]) Let (X, <) be a partally ordered set. Two mappings f,g : X = X are
said to be weakly increasing if fx < gfx and gx < fgx hold forall x €EX .

Example 2.25 Let X = R* be endowed with usual order and usual topology. Let f,g : X —

X be defined by fx = { X3, ifx € [01] , gx= { x ifxel01)

xz, ifx e [1, oo) 2x, ifx € [1, 00)
Then, the pair (f,g) is weakly increasing where g is a discontinuous mapping on R* .
We also need the following definitions and propositions in the setup of b -metric spaces.
Definition 2.26 ([14]) Let (X,d) bea b -metric space. Then a sequence {x,} in X is called:
(i) convergent if and only if there exists X € X such that d(x,,x) > 0 as n — 400 . In this
case, we write il_)no‘g X, = Xx. (ii) Cauchy if and only if d(xp, Xp,) = 0 as n,m — +oo.

Proposition 2.27 (see rematk 2.1 in [14]). In a b -metric space (X,d) the following assertions
hold: (i) a convergent sequence has a unique limit, (i) each convergent sequence is Cauchy, (iii) in
general, a b -metric is not continuous.

Definition 2.28 ([14]) Let (X,d) be a b -metric space. If Y is a nonempty subset of X , then

the closure Y of Y is the set of limits of all convergent sequences of pointsin Y, i.e.,
Y ={x €X : there exists a sequence {X,} in Y such that limx, = x}.
Nn—>00

Taking into account of the above definition, we have the following concepts.
Definition 2.29 ([14]) Let (X,d) be a b -metric space. Then a subset Y © X is called closed if
and only if for each sequence {x,} in Y which converges to an element x ,we have x €Y (ic.

Y =Y.
Definition 2.30 ([14]) The b -metric space (X,d) is complete if every Cauchy sequence in X
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converges.

Definition 2.31 [6] Let (X, 05) be a b -metric-like space with coefficient s and let {x,} be any
sequence in X and x € X . Then: (i) The sequence {x,} is said to be convergent to x with
respect to Ty, , if liMy_,00 0 (X, X) = 03 (X, x) . (i) The sequence {x,} is said to be a Cauchy
sequence in (X, 0) if limMy ;00 Op (Xn, < Xp) exists and is finite. (i) (X, 05) is said to be a
complete b -metric-like space if for every Cauchy sequence {x,} in X there exists x € X such

that lim o, (Xp, X;m) = limo, (xp, x) = 0p(x, %) -
m,n—co n—-oo

It is clear that the limit of a sequence in a b -metric-like space is usually not unique.
Lemma 2.32 Let (X,0,) bea b -metric-like space with coefficient s > 1 and suppose that {x,} and
{yn} are convergentto x and y, respectively. Then we have

1 o .
20 (0Y) =<0 (0 x) — (v, y) < liminfo,(xy, yn) < limsupoy, (xy, Yn)

< 5o, (%, %) + s20,(y,y) + s?0,(x,y).

In particular, if 0, (x,y) = 0, then limay,(xy, y,,) = 0 . Moteover, for each z € X we have
n—-oo

—0p(x,2) — op(x,x) < liminfo,(x,,z) < limsupay, (x,, 2)
S n—oo n—-oo
< sop(x, z) + sap(x, x).

if op(x,x) =0, then %ab (x,z) < rlli_moinfab (xXn,2) < Tlli_tzlosupab (xn,2) < sop(x,2).
Proof Using the triangle inequality in a b -metric-like space it is easy to see that
0 (%, ¥) < 505 (%, %) + 520 (%n, Yn) + 5205 (Y, ¥) and
0 (%n, Yn) < S0 (%, x) + %05 (%, ¥) + 5205 (Y, Yn)-

Taking the lower limit as n — 00 in the first inequality and the upper limit as n — o in the
second inequality we obtain the first desired result. If 0, (x,y) = 0, then by the triangle inequality
we get 0p(x,x) = 0 and 0, (y,y) = 0. Therefore, we have limy,_ 03 (X, ¥,) = 0. Similatly,
using again the triangle inequality the other assertions follow.
Contraction Conditions and Fixed Point Results
It is well known that a self-map f on a metric space (X,d) is said to be a Banach contraction
mapping, if there exists a number k € [0,1) such that

d(fx, fy) < kd(x,y)

forall x,y € X . A mapping f : X — X is called a quasicontraction if for some constant a € [0,1)

and for every x,y € X, d(fx, fy) < amax{d(x,y),d(x, fx),d(y, fy),d(x, fy), d(y, fx)}.
This concept was introduced and studied by Ljj. Ciri¢ in 1974 [15].

Definition 2.33 Let (X, <, d}p) be a partially ordered b -metric-like space. If there exist B € §
such that dp(fx,gy) < F(M(x,y))N(x,y), forall x,y € X with x <y, where
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1
M(x,y) = max{d,(x,y),dp(x, fx),dy(y, gy), 5 [dp(x, fx) + dp (¥, 9Y)1D)

and

1
N(X,y) = Zmax{db(x' y)) db(x'fx)' db(y' gy)'db(x' gy)' db(y' fX)})

Then f and g are said to be generalized [ -order contractive mappings. We statt to this section
with the following theorem in which we guarantee the existence of a common fixed point of

generalized f -order contractive mappings in partially ordered b -metric-like spaces.
Definition 2.34 Let (X, <,djp) be a partially ordered b -metric-like space. If there exist f € S
such that d,(fx, fy) < B(M(x,y))N(x,y), forall x,y € X with x <y, where

1
M(x,y) = max{d,(x,y), dp(x, fx),dp (v, f3), 5 [dp (x, f) + dp (v, f¥)]})

and

1
NCxy) = somax{dy(x,y), dp (x, f), dp (v, f3), dp (%, £ ), dp (v, f})-

Then f is said to be [ -order contractive mappings. We start to this section with the following theorem
in which we guarantee the existence of a fixed point of f -order contractive mappings in patrtially ordered
b -metric-like spaces.

Common Fixed Point Result

Theorem 3.1 Let (X, <,dp) be a partially ordered complete b -metric-like space. Suppose that
f,9 : X —> X are two weakly increasing and generalized f - order contractive mappings.
Suppose also that there exists xo € X such that fxy < gfxo . Assume that either f,g are

continuous or X has a sequential limit comparison property . Then f and g have a unique
common fixed point if and only if the set of all common fixed point is well ordered.

Proof Let xy be given such that fxg < gfxg.We define a sequence {x,} in X in the following
Way: Xoni1 = fXopn and Xopyo = gXonyeq foralln = 0.
So, we have x; = fxo < gfxo = gx1 = x5.
Analogously, x, = gx; < fgx; = fx, = x3. Iteratively, we obtain that
X1 S Xy SX3 XSS X S Xy N0
Owing to the fact that X,, and X541 are comparable together the assumption (1), we have
dp (X2n+1, X2n+2)) = dp(fX2n, 9X2n+1)

1 1
< 552 (E max{dp(Xzn, X2n+1), Adp (X2n+1, X2n+2),

sldp (Xan, X2n+1) + dp (Xan+1, Xan+2)1,25dp (Xon, X2n41)}) < 252 dp(X2n X2n+1)
< db (x271v x2n+1)
It is clear that if we take h = 77> then the expression (2) turns into
dp(X2n+1, X2n+2) < hdp(X2n, Xon+1)-
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By using the same argument, we also get s[{dp (X2n42, Xons1) +

1
dp (X2n+2, X2n+3)1,25Ap (X2n+2, X2n+1)}) < 57 dp (K2n+2, X2na1) < dp (X2n42) X2n41)
implies that dp (X2p43, X2n+2) < hdp (X2n42, X2n41)- Hence, we conclude that dj, (Xp, Xp41) <
hdy,(xy, Xp—1) where h = % Obviously, 0 < h < 1. Repeating the above process, we get
db (xn» xn+1) = hdb (xn» xn—l) <...= hndb (xl' xo);
forall n = 1, and so for m > n, using triangular inequality, we have

db (xr}ll'ricm) < Sdb (xn; xn+1) + Szdb (xn+1r xn+2)+- e +Sm_ndb (xm—l' xm))
S

1= Shdb(xo,xﬂ-

. . 1, . ) .
Since, by assumption, h < o it follows that lim dp(x,, X;,) = 0. Since X is complete, there
mmn—oo

exist x* € X such that lim dp,(x,, x,) = limd,(x,, x*) = dp(x*,x*) =0-
m,n—oo n—-oo

Now, we shall consider two alternative cases. First, suppose that f is continuous, then it is clear
that x* is a fixed point of f . Now we show that x* = gx* . Suppose, on the contrary, that
dp(x*,gx*) > 0.Regarding x* < x* together with the inequality (1), we conclude that

1
dp(x", gx7) = dp(fx", gX7) < 75 dp(x", gX7)
a contradiction. Hence x* = gx* and x* is the common fixed point of f and g . For the
second and last case, we assume that X has a sequential limit comparison property. Thus, we have
x* < x,.Consequently, we find that d(fx*, xp41) = d(fx*, gx,) < LM (x", x,))N(x", x5,).
Taking limit as 1 — o0, (using Lemma (2.16 {N. Hussain}), as d,(x*,x*) = 0) it follows that

1 * * 1 S * *

<dy (27, x) < (53 ) 5o do (200,
and hence dp(fx*, x*) < %sdb (fx*,x*) which shows that fx* = x* . Similatly, gx* = x*.
Here we show that the common fixed point of such mappings is unique. Suppose that the set of

common fixed point is well ordered. If ¥ and x* are two common fixed point of f and g,
such that X * x* , then from inequality (1) we have d(x*, %) =d(fx", gX)
1
< B(M(x*,%))N(x", %) < T d( %) <d(x", %),
a contradiction. Hence f and g have a unique common fixed point.
Example 3.2 Let X = {1,2,3,4} be a partially ordered set defined < on X by
<= (L), (12), (13), (14), (2.2), (2.3), (24), (33), (3.4), (4,4)}
123 4) _ (1 2 3 4-)
112 1/ 1112/

It is straight forward to check that f and g are weakly increasing maps on X . Define first the
b -metric like d on X by d(1,1) =0, d(2,2)=0, d(33)=20=d44), dxy) =

Define two self maps f and g such that f = (
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d(y,x), d(12) =5 d(1,3)=d(14)=d(23)=d(24) =10, and d(34) =5. Then

(X,d) is a b -metric like space with s = 1—3 , and the function fx = ez - Note that
(x,y) d(fx,gy) BM(x,y))N(x,y)

(14) 02 0.4598

(2,4) 0.2 0.4598 Thus all the conditions of Theorem 3.1 are satisfied and 1
(33) 02 0.2721

(44) 02 0.2721

is the unique common fixed point Of f and g. Note that, for (x,y) =(3,3) or (44),
d(fx,gy) < kd(x,y) is not satisfied for any value of k.

Theorem 3.3 Let (X, <,dp) be a partially ordered complete b -metric-like space. Suppose that
f + X > X is dominating and f - order contractive mappings. Suppose also that there exists
Xog € X such that fxy < gfxo . Assume that either f is continuous or X has a sequential limit
compatison property . Then f has a unique fixed point if and only if the set of all fixed point is
well ordered.

Proof Let X be given such that xy < fx, . We define a sequence {x,} in X in the following
way: Xon41 = fXopn forallm = 0. So we have xo < fxg = x1. Analogously, x; = fxl and x; <
fx; = x2 implies X1 < X,. Iteratively, we obtain that Xg < X; S X S X3 X Xy < < X, <
Xp+1 S --.Owing to the fact that Xp, and Xp,41 ate comparable together the assumption (1)
, we denve that

dp (Xon+1, Xon+2) = dp(f X2n, [X2n41)
< 557 (2_5 max{dp(Xzn, X2n+1), Adp (X2n+1, X2n+2),
s[dp (X2, Xan+1) + dp (Xon+1, X2n42)1,25dp (X2, X2n41)})

2 5= dp (X2n Xon41) < dp(Xon, X2n41)

1
It is clear that if we take h = 27> then the expression (2) turns into

_ dp (X2n+1, Xon+2) < hdp(Xon, X2n+1)-
By using the same argument, we also get

s[{dp (Xan+2) X2n+1) + dp (Xan42, X2n43)1,25dp (Xan42) X2n+1)})
< 552 (% max{dp(Xzn+2, X2n+1), dp (X2n+2) X2n+3),

S[{dp (X2n+2) X2n+1) + dp (X2n42, X2n+3)1,25dp (X2n42, X2n+1) )

2 == b (X2n+2 X2n+1) < dp(Xan42, X2n+1)
implies that dp (X2n+3, X2n+2) < hdp (X2n42, X2n4+1)- Hence, we conclude that dj, (Xp, Xp41) <
hdy, (x,, Xp—1), where h = % Obviously, 0 < h < 1. Repeating the above process, we get
dp (Xn, Xne1) < hdp(Xp, Xp_q) <...< h™d},(x1, %),
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forall n = 1, and so for m > n, using triangular inequality, we have

db (xn' xm) < Sdb (xnr xn+1) + Szdb (xn+1r xn+2)+- v +Sm_ndb (xm—l' xrrrLlD

sh
< sh™dp(x9,x1) + s2h™dy, (xg, 1) +... +s™ "h"™ 1 d, (%0, x1) = 1——shdb (x0, X1)-

Since, by assumption, h < %, it follows that lim dp(x,, X;,) = 0. Since X is complete, there
mmn—oo

exist X* € X such that lim d,(x,, x,,) = limd,(x,, x*) = d,(x*,x*) =0
m,n—co n—oo

Since f is continuous, then it is clear that x* is a fixed point of f . For the second and last case,
we assume that X has a sequential limit comparison property. Thus, we have x* < x, .
Consequently, we find that d(fx*, xp41) = d(fx", fx,) < BM(x*, x,))N (X", xp,).

Taking limit as n — o0, (using Lemma (2.16 {N. Hussain}), as d,(x*,x*) = 0) it follows that

1 1 _ s
1;db(fx X7) < (57 55 e (X7, X7),
and hence dp(fx*, x*) < Edb(fX*fX*) which shows that fx* = x™ .

Here we show that the fixed point of such mappings is unique. Suppose that the set of fixed point

is well ordered. If ¥ and x* are two fixed point of f ,suchthat ¥ # x™, then from inequality
1

(1) we have d(x*, %) = d(fx", f%) < (M (x", D)IN(x", ) < 5 d(x", %) < d(x", %),

2

a contradiction. Hence f has a unique common fixed point.
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