
                               International Journal of Innovations in Science & Technology 

Mar 2024|Vol 6 | Issue 1                                                                   Page |333 

 

 

Effect of Crack Location and Orientation on Crack Growth in 
Boiler Tube: Theoretical and Computational Investigation 

Majeedur Rahman, Babar Saeed 
Institute of Avionics and Aerospace, Air University, Islamabad, Pakistan 
*Correspondence: Majeed Ur Rahman 201606@students.au.edu.pk, 
babar.Saeed@mail.au.edu.pk 
Citation| Rahman. M, Saeed. B, “Effect of Crack Location and Orientation on Crack 
Growth in Boiler Tube: Theoretical and Computational Investigation”, IJIST, Vol. 6 Issue. 1 
pp 333-351, Mar 2024 
DOI| https://doi.org/10.33411/ijist/202461333350 
Received| Mar 09, 2024, Revised| Mar 23, 2024, Accepted| Mar 29, 2024, Published| 
Mar 31, 2024. 

Introduction/Importance of Study: 
Safety is the paramount concern in the operations and inspections of pressure vessels, 

such as water tube boilers. Defects in the boiler tubes can lead to the development of cracks. 
Novelty Statement: 

The investigation focuses on the effect of crack location and orientation on crack 
growth under cyclic loading which has been analyzed computationally using Separate 
Morphing and Re-meshing Technology (SMART) in ANSYS. The effect of location on crack 
growth is primarily focused which is theoretically investigated as well using Simpson’s 
Integration of Paris’s Law.  
Materials and Method: 

The tube in focus is a component of a D-type water-tube industrial boiler, crafted 
from low-carbon steel (SA 178 A). For the effect of location, semi-elliptical cracks on inner 
and outer tube surfaces have been studied both theoretically and computationally. 
Results and Discussion: 

Theoretical investigation revealed that cracks on the inner tube surface exhibit a 
30.28% higher accumulative growth rate compared to the outer surface, attributed to hoop 
stress distribution. For investigating the effect of orientation elliptical embedded cracks at 
certain orientations have been examined computationally and the critical plane orientation for 
crack growth is identified as perpendicular to the hoop stress. 
Concluding Remarks: 

In conclusion, the study underscores that cracks grow faster when located at the inner 
surface and oriented perpendicular to the hoop stress. 
Keywords: Tubes; Fracture Mechanics; Weight Function; Stress Intensity Factor; Crack 
Growth; ANSYS SMART; Simpson’s Integration. 

     

 
 

   

    
 

mailto:201606@students.au.edu.pk
mailto:babar.Saeed@mail.au.edu.pk
https://doi.org/10.33411/ijist/202461333350


                               International Journal of Innovations in Science & Technology 

Mar 2024|Vol 6 | Issue 1                                                                   Page |334 

Introduction: 
Tubes in water boilers, serving as pressure vessels, are indispensable assets for 

industries, including power generation, process industries, and oil and gas. Operating under 
internal pressure, these vessels play a crucial role in safely containing fluids at high pressures 
within confined workplaces, where the well-being of human lives is at risk. Poor maintenance 
and design, and neglecting the safety protocols increase the probability of Boiling Liquid 
Expanding Vapor Explosion (BLEVE) [1] and leaks, resulting in structural damage, burns, and 
fatalities [2]. The reliable performance of these pressure vessels is essential for the smooth 
operation of industries that heavily depend on their functionality and safety standards [3][4][5]. 

Cracks in these tubes can stem from a variety of sources including microstructural 
imperfections, manufacturing, fabrication, and welding defects, and in-service corrosion, as 
evidenced by the fractographic analysis of  D. Ghosh et al [6] and E. Febriyanti et al [7]. These 
defects can be detected using various Non-Destructive Techniques (NDT) [8] and idealized as 
semi-elliptical cracks [9]. In the realm of metals, artificial intelligence and deep learning 
methods such as semantic segmentation and object detection, are increasingly employed for 
surface defect detection [10]. Consequently, preventive measures are required to reduce the 
risk of potential tube failure, given its potential to profoundly impact overall industry 
performance.  Post-failure analyses of boilers and tubes have been extensively undertaken 
[11][12][13][14][15] with findings consistently highlighting the association between failures and 
leaks and the formation of cracks, particularly along the axis of the tubes. Subsequently, it is 
crucial to consider the behavior of crack growth in early design and later for Fitness-For-
Service (FFS) evaluation [9]. 

Under static loading conditions, pre-existing cracks can either remain stable or could 
grow catastrophically, leading to a leak or blast depending on the design criteria used [16]. The 
fate of the structure hinges upon the value of the Stress Intensity Factor (SIF) associated with 
a specific crack. If the SIF surpasses the critical stress intensity factor, rapid crack growth can 
occur, potentially resulting in calamitous failures due to high fluid pressures. Conversely, if the 
SIF value associated with a crack is smaller than the critical stress intensity factor, it could be 
confidently stated that the structure and crack are in harmony [17]. The critical SIF is a 
material property, and at specific loading conditions, the value of SIF is calculated and then 
compared with it. Under cyclic loadings, Stable crack growth takes place dictated by Paris’s law 
if the SIF is in the range of threshold and critical SIF values. Below the threshold, the SIF 
value crack does not grow. When SIF crosses the critical SIF the crack growth becomes 
unstable resulting in catastrophic failure [18].  

For a flat plate with a through crack under uniform tensile loading, it is easy to 
analytically determine mode one, mode two, and mode three SIFs [19]. However, as the 
geometry of the structure and the loading nature vary, determining the SIFs becomes 
challenging. H. Yuan et al [20] used the NASGRO software suit and MATLAB’s regression 
analysis and developed an empirical model to find the SIF of an edge crack. AFGROW is used 
professionally for crack growth problems with high accuracy along with NASGRO [21]. Visual 
FORTRAN has been used to write the source codes for solving the SIF and crack growth 
problems and has been used by M. Alshoaibi to investigate non-planer multiple cracks and 
revealed that the crack tips with high SIFs have a higher tendency to coincide [22]. D. Angela 
comparatively studied cracks in compact test specimens analytically and computationally 
utilizing the ABACUS software suit [23]. T. Htut investigated a crack developed in a 2.03 mm 
thick tube using NASTRAN solvers [24]. These commercial software packages use extended 
finite element methods (XFEM), which involve re-meshing to achieve greater accuracy. 
However, this approach often results in denser meshes, leading to increased computational 
time compared to methods like SMART [22]. In another study, Niu et al [25][26] investigated 
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central symmetric and asymmetric kinked cracks with different configurations. The study 
revealed that main crack length exerts a greater influence on SIF as compared to kinked length. 

Coêlho et al [27] conducted a study on a hollow cylindrical tube containing a semi-
elliptical crack and analyzed the corresponding SIF. SIF on the major and minor axes of a 
semi-elliptical crack has been determined by Ligoria et al [28] using the empirical relations of 
Voort et al [29]. For a semi-elliptical circumferential crack, the SIF has been studied by C. D. 
Wallbrink and A. Zareei [30][31]. However, relying solely on crack growth analysis in planes 
with high tensile stresses is not always conclusive. S. Melin [32] demonstrated analytically that 
crack growth is not consistently greater when perpendicular to the larger principal stress. The 
growth of microstructural cracks can be analyzed with Paris’s law [17] and can be linked to the 
sliding and opening dislocations which is shown by F. McDowell [33] who also discussed the 
limitation of crack growth of sub-granular size cracks using linear elastic fracture mechanics, 
where the crack growth rate fluctuates by encountering new grain boundaries.  Based on the 
critical plane concept of A. Karolczuk [34], multi-axial fatigue failure criteria have also been 
reviewed by A. Moftakhar [35], calculating stress components at the tip of the notch with 
multi-axial loading. Similarly, the effect of crystal orientation over the SIF is studied by M. 
Kamaya [36]. M. Yaylaci simulated an edge and internal crack to estimate the SIF [37]. O. 
Elmhaia used a mesh-free approach to find out SIF at the tip of the crack, and this method 
was based on the Weighted Least Squares Method (WLSM)   in combination with the visibility 
criterion and stresses extrapolation method [38]. Using cohesive zone methodology, P. K. Pati 
demonstrated that a universal shape is achieved after the growth of an initially small semi-
elliptical flaw [39]. 
Objectives: 

The primary objective of this study is to comparatively analyze the effect of location 
on crack growth both computationally and theoretically. To achieve this goal, a semi-elliptical 
crack is investigated at two key locations: the inner and outer surfaces of the tube. 
Additionally, the effect of orientation on crack growth is also studied computationally as 
shown in Figure 1. The critical plane orientation has been determined in which the elliptical 
crack has initially defined and grows faster along its x-axis of the crack coordinates leading to a 
leak across the wall thickness. 

 
Figure 1: Location of SESC and Orientation of EEC 

Novelty: 
In this research, cutting-edge technology, namely Separate Morphing and Re-meshing 

Technology (SMART) by ANSYS within its Fracture Module, has been utilized for crack 
growth analysis. This advanced methodology allows for a detailed examination of crack 
propagation behavior in tubes, considering both surface and embedded cracks. The study 
encompasses both theoretical and computational analyses to investigate crack growth. 
Theoretical solutions for the crack growth of semi-elliptical surface cracks have been derived, 
complementing the computational results obtained through the SMART technology. The 
growth rates of semi-elliptical inner and outer surface cracks have been compared and the 
most critical crack location and orientation have been identified.  
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Material and Methods: 
Tube of Industrial Water-Tube (IWT) boiler with D type configuration has been 

focused as it performs under internal pressure, unlike fire tube boilers. Moreover, it is widely 
used in many process industries for steam generation [40]. Material selection and 
determination of the wall thickness of a boiler tube are closely intervened processes. Two 
primary approaches are commonly utilized for this purpose [16] design by analysis and design 
by rules. Design by analysis involves selecting a material against which an optimized thickness 
is calculated for the pressure vessel. Materials are typically categorized based on safe pressure 
vessel design criteria, namely yield before fracture and leak before fracture. In the yield before 
fracture criterion, the pressure vessel wall undergoes yielding before catastrophic failure, 
allowing for the detection and implementation of safety measures. Whereas in leak before 
break criteria a through crack is formed in the PV wall and the fluid inside leaks, which could 
be detected easily before the catastrophic failure takes place. Carbon steels like SA 178 A are 
often recommended for applications where leak-before-break criteria are prioritized. These 
materials are commonly used in boiler tubes, as indicated in ASME BPVC.II.D Table 1A [41], 
and fall within the fracture before the yield zone [42]. From PG-27.2 of ASME BPVC section 
I [43] the wall thickness of the tube can be calculated by equation 1. 

t =
PD

2S + P
+ 0.005D + e 1 

Where t is the thickness of the tube wall, P is the maximum allowable working 

pressure according to PG-21, D is the outer diameter of the cylinder, and S is the maximum 

allowable stress according to PG-23 which is 85 MPa at 375 C° according to ASME 

BPVC.II.D Table 1A  [41] and e is the fabrication value which is zero in this case. For some 
carbon steels like SA-178 Grade A, SA-226, and SA-192 using the equation for wall thickness 
table PWT-10 has been developed in ASME BPVC section I [43]. These interdependent 
parameters are given in Table 1. The material constants C and m for Paris’s law for this carbon 
steel are assumed the same as for Martensitic Steel [44]. 

Table 1: Material Properties and Tube dimensions 

Parameter Value 

Material SA 178 A 
Approx. C  5.7184 × 10−11 
Approx. m  2.25 
Young’s Modulus 200 GPa 
Poisson’s Ratio 0.35 
Tensile Yield Strength 180 MPa 
Tensile Ultimate Strength 325 MPa 
Outer Diameter, D 25 mm 
Tube Wall Thickness, t 1.5 mm 
Pressure, P 2.0684 MPa 
Maximum Allowable Stress, S at 371 ℃ 84.3 MPa 

Methodology: 
The assessment of SIFs and subsequent crack growth primarily depend upon the stress 

state therefore FEA results of stresses have been validated using Lame’s equations. Tangential 

or hoop (𝜎𝑡), radial (𝜎𝑟), and longitudinal (𝜎𝑎) stresses are given in equations 2-4 [45] 

respectively where 𝑅𝑜 and 𝑅𝑖 are the external and internal radii respectively while 𝑃 is the 
internal pressure, contours of these stresses have been produced using MATLAB function 

polercont [46]. 
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For a semi-elliptical surface crack as shown in Figure 2a  in a cube under uniform 
stress distribution equations 6 to 14 [17] are given where the SIF is determined using equation 
6.  

 
Figure 2: (a). Semi-Elliptical Crack [17]. (b). Crack Growth per Step. 

𝐾1 =  𝜆𝑠𝜎𝑦𝑦√
𝜋𝑎

𝑄
𝑓(𝜑) 6 

In equation 7 𝜆𝑠 is the surface correction factor for the semi-elliptical cracks and 𝑄 

which is given by equation 8 depends on the ratio 𝑎/𝑐, 𝑓(𝜑) in equation 9 depends upon the 

angle 𝜑 just like 𝜆𝑠. 

𝜆𝑠 = [1.13 − 0.09 (
𝑎

𝑐
)] [1 + 0.1(1 − 𝑠𝑖𝑛𝜑)2] 7 

𝑄 = 1 + 1.464 ( 
𝑎

𝑐
 )

1.65

         (
𝑎
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) ≤ 1 8 
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𝑎
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1
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The SIF is used to solve 12-14 for the number of cycles ∆𝑁 and ∆𝑐  simultaneously 

for specific crack growth ∆𝑎 along the minor axis which are resulted from the Simpson’s 

integration of Paris’s Law as given in equation 10. The applied traction 𝜎𝑦𝑦 is uniform at the 

remote boundaries.  
𝑑𝑎

𝑑𝑁
=  𝐶 △ 𝐾𝑚 10 

△ 𝐾 =  𝐾𝑚𝑎𝑥 −  𝐾𝑚𝑖𝑛 11 

∆𝑁 =
∆𝑎

6
[𝑓90(𝑎, 𝑐) + 4𝑓90 (𝑎 +

∆𝑎

2
, 𝑐 +
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2
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[𝑓0(𝑎, 𝑐) + 4𝑓0 (𝑎 +
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2
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2
) + 𝑓0(𝑎 + ∆𝑎, 𝑐 + ∆𝑐)] 13 

𝑓90°(𝑎, 𝑐) =
1

𝐶(∆𝐾90°)𝑚
 14 

Equation 12 must correspond to the minor axis and Equation 13 to the major axis for 

example in Equation 14 𝑓90°(𝑎, 𝑐) means ∆𝐾90° is for the minor axis in this case. Equations 12 
and 13 were solved iteratively for specific numbers of steps as Simpson’s method suggests. 
This method allows for numerical integration of multivariable problems such as semi-elliptic 
crack growth problems and is more accurate than its counterpart trapezoidal method. In this 
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study, the crack growth has been solved in ANSYS and MATLAB with 10 steps. When it 
comes to pressure vessels like tubes the stresses such as hoop stress along the thickness are 
non-uniform as discussed earlier, in this case, the Taylor series of hoop stress was used to find 
the SIF given by equations 15 and 16 [17] for inner and outer surface semi-elliptical crack 
respectively. 
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The SIFs are given in terms of Influence Coefficients 𝐺𝑛, 𝑛 is the degree of stress 

polynomial where 𝑛 =  0, 1, 2, 3, 4. For each term of the polynomial, there exists a SIF. For 
each SIF there exists an influence coefficient. Using the principle of superposition the sum of 
these SIFs gives the overall SIF. Mode I SIF of a semi-elliptical crack in a tube [45] was 
determined analytically. The method employed utilizes weight functions [47][48] and universal 
weight function [49] being specifically employed to calculate Mode I SIF with Lame’s hoop 
stress distribution [17][45][50]. The second Glinka-Shen Universal Weight Function (GSUWF) 
[47] is used to determine the SIF for a semi-elliptical crack in a tube, yielding influence 
coefficients [51][52]. The second of Glikna-Shen Universal Weight Function given in equation 
18 [47] has been substituted in equation 17 [17]. In contemporary engineering practices, the 
utilization of weight function methods remains crucial, particularly when dealing with non-
uniform stress distributions such as hoop stresses in the tube walls. 
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This results in geometric coefficients 𝑀𝑖𝑎 and 𝑀𝑖𝑐 as given in equations 19-21 and 27-

29 for minor and major axes respectively for 𝑖 =  1, 2, 3. which are expressed in terms of two 

influence coefficients 𝐺𝑛 with 𝑛 =  0, 1 [51], where 𝐴𝑗 and 𝐵𝑗 in equation 22-23 corresponds 

to the minor axis. Thus 𝐺2, 𝐺3, and 𝐺4 could be determined for the minor axis. 
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Similarly to find 𝐺2, 𝐺3 and 𝐺4 Equations 32-34 for the major axis 𝑀𝑖𝑐 in equation 27-

29  are given in terms of 𝐺0 and 𝐺1, which in turn are given in terms of 𝐶𝑗 and 𝐷𝑗  in equation 

30-31 for major axis with 𝑗 =  0, 1, 2, 3 [53]. Once the value of SIF is known equation 12 and 
13 can be used to investigate the crack growth as in Figure 3. 
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Figure 3: SESC with SIF and crack propagation on the minor and major axis which can leak 

the tube due to its internal pressure 
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Despite the advancement in computational power, reliance on software like ANSYS 
Static Structural is common, capable of determining SIF in all three modes for various 
structures and stress distributions [54]. It can analyze the stability or catastrophic failure of a 
crack based on applied tractions, providing SIF results throughout the crack tip. However, 
results were obtained only at the minor and the major axes of the semi-elliptic crack for 
comparison with analytical results because the results obtained analytically are only for the 
major and minor axes. Importantly, the tube material was assumed to be linearly elastic, and it 
has been established that peak stresses fall below yield stress, even during leakage. MATLAB 
was used to obtain the contours of Lame’s stresses, compared with ANSYS results. 
Additionally, Simpson’s integration is applied to a cubic specimen under uniform stress 
distribution to establish a baseline. Subsequently, SIFs have been analyzed for semi-elliptical 
inner and outer surface cracks in the tube, exploring crack growth dynamics in the tube to 
investigate the effect of crack location. To investigate the effect of crack orientation on crack 
growth and cycles to leak, different planes have been defined by taking a crack in a plane 
perpendicular to hoop stress as a reference plane Figure 4a. Upon rotation at certain angles, 
major orientations have been obtained, as shown in Figure 4. 

 
Figure 4: Different Planes for embedded crack in the tube 

Flow of Research: 
In summary, crack growth has been primarily investigated within a tube structure, with 

an initial focus on determining the tube dimensions in accordance with the guidelines provided 
by the American Society of Mechanical Engineers Boiler and Pressure Vessels Codes (ASME 
BPVC). Theoretical and computational analyses have been employed to evaluate the three 
principal stresses (hoop, longitudinal, and radial stresses) within the tube. Two types of cracks 
have been specifically addressed: semi-elliptical surface cracks (SESC) and elliptical embedded 
cracks (EEC) located in the tube wall. The SIF and crack growth in SESC in tubes has been 
analyzed both theoretically and computationally. Meanwhile, the analysis of EEC within the 
tube has been exclusively carried out through computational simulations utilizing ANSYS. 
Furthermore, to establish a theoretical foundation, the crack growth of an SESC within a cube 
has also been examined, as depicted in Figure 5. 

 
Figure 5: Flow of Research 
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Results and Discussion: 
Stresses in Tube: 

The tri-axial stress state has been analyzed both theoretically using Lame’s equations 
and computationally using ANSYS. Figure 6a and Figure 6b depicts the theoretical contours of 
hoop stress distribution obtained from Lam’s equations with the help of MATLAB whereas 
Figure 6c represents the computational results using ANSYS. Figure 6 is the testimony of the 
accurate computational results for hoop stress.  

 
Figure 6: (a). Contours of Closed-form Solution of Hoop Stress. (b). Hoop Stress distribution 

through the thickness of the tube. (c). Hoop Stress (FEA) 
In the same fashion for radial stresses, Figure 7a and Figure 7b represents the 

theoretical results. While utilizing ANSYS Figure 7c depicts the computational results. Figure 
8a shows the computational results of longitudinal stress. Figure 8b is the graphical 
representation of the Lame’s equations which is in scrutiny with the stress distributions in 
Figure 6 to Figure 8. 

 
Figure 7: (a). Closed-form Solution of Radial Stress with Filled Contours. (b). Radial Stress 

Distribution through the Thickness of the Tube. (c). Radial Stress (FEA) 

 
Figure 8: (a). Longitudinal Stress MPa (FEA). (b). Principle Stresses in Tube  
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The stress analysis of the tube reveals that the maximum principle stress is the hoop 
stress which is higher at the inner surface of the tube. The radial stress is compressive while 
the longitudinal stress is uniform across the wall thickness. The comparison of maximum 
theoretical and computational stresses in the tube wall has been done in Table 2. 

Table 2: Comparison of Maximum and Minimum Principle Stresses (MPa) 

Stresses (MPa) Max Min 

Lame’s FEA Lame’s FEA 

Hoop Stress (𝜎𝑡) 16.27 16.26 14.19 14.19 

Radial Stress (𝜎𝑟) 0 0.001 -2.0684 -2.068 

Longitudinal Stress (𝜎𝑎) 7.1 7.1 7.1 7.1 

SIF and Crack Growth of Semi-Elliptic Crack in Uniform Stress Distribution: 
The growth of a semi-elliptical crack in a cube under uniform stress distribution had 

been analyzed with ten steps. The SIF in the first and last steps have been shown in Figure 9a 
and Figure 9b, in which the minimum value of SIF occurred at the minor axis which is the 
deepest point on the crack tip in the simple cubic structure, and the greater on the major axis. 
As the crack was grown the value of SIF increased as well. 

 
Figure 9: (a). SIF in Step 1 of Analysis. (b). SIF in final step 10 of the analysis. (c). Crack 

Growth and No. of Cycles, Comparison of results from ANSYS SMART Crack Growth and 
Simpson’s Integration for an SESC in a Uniform Stress Distribution 

The comparison between crack growth results obtained from ANSYS SMART and 
MATLAB, depicted in Figure 9c, reveals notable discrepancies. MATLAB employs double 1/3 
Simpson’s integration of Paris’s law as in equations 12 and 13 to calculate ∆c and the number 
of loading cycles, resulting in larger values compared to ANSYS SMART. This deviation could 
be reduced by increasing the number of steps in both analyses, contours at the crack tip, and 
the crack front elements in ANSYS. 
SIF and Crack Growth of Semi-Elliptic Crack under Non-Uniform Stress Distribution: 
Stress Intensity Factor: 
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Figure 10: (a). Wire Frame View of a Tube Part under observation with Tetrahedral Fracture 
Mesh with C3D10 type of elements. (b). SIF of the Semi Elliptical Crack on the inner surface. 

(c). Top view of the crack in the tube on the inner surface 

 
Figure 11: (a). Definition and Positioning of the crack coordinates on the outer surface. (b). 

Crack Definition. (c). SIF, FEA results of the Semi Elliptical crack with top view 
Figure 10 and Figure 11 show the SIF for the inner and outer surface semi-elliptical 

crack respectively, likewise the SIF was solved using equations 15 and 16 for the inner and 
outer surface. The FE results obtained are compared in Table 3.  

Table 3: SIF (MPa) Results comparison, FEA and using the Influence Coefficients from 
Glinka-Shen Universal Weight Function Method (G-S UWFM)  

Axis Inner Surface Outer Surface 

𝑲𝟏 𝒕𝒉 𝑲𝟏 𝑭𝑬𝑨 𝑲𝟏 𝒕𝒉 𝑲𝟏 𝑭𝑬𝑨 
Major axis (a) 16.20 14.62 12.79 13.443 
Minor axis (c) 19.34 18.26 15.89 17.534 

Simpson’s Integration: 

As for the stress ratio 𝑅 =  0, ∆𝐾 =  𝐾 − 0, Which was estimated using equations 15 
for the inner and 16 for the outer surface and plugged in equations 12 and 13 to find the 
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number of cycles and crack growth along the major axis iteratively. The number of cycles for 
both inner and outer surface cracks using Simpson’s integration and ANSYS SMART are 
compared in Figure 12a. Using MATLAB for Simpson’s integration the number of cycles is 
lower for the inner and higher for the outer surface crack. Conversely, the results from 
ANSYS SMART are the same for cracks on inner and outer surfaces as shown in Figure 12b 

and Table 4. The similarity in ANSYS results for both cracks is due to the higher 𝑎/𝑡 ratio for 
both cracks. Hence this shows faster crack growth for cracks on the inner surface of the tube 
as compared to an outer surface crack using Simpson’s integration of Paris’s Law, which 
elucidates that cracks on the inner surface of tubes are critical to supervise. 

 
Figure 12: (a). Semi Elliptical Surface Crack Growth in PV. (b). Contours of Cycles to Leak 

𝑵𝑳 and Crack Growths Along the major vs minor axis by Simpson’s Integration of Paris’s Law 
using MATLAB 

Table 4: Comparison of crack growth of semi-elliptical surface crack 

 (𝐝𝐍𝐚𝐜𝐜)th × 105 (𝐝𝐍𝐚𝐜𝐜)FEA  × 105 % Error 

Inner Surface 120 141 14.8 
Outer Surface 173 137 20.8 
% Difference 30.6 2.8  

The higher values of SIFs at each step of solution on the major and minor axis for the 
inner surface crack as compared to that of the outer surface crack as shown in Figure 13a 
justify the lower cycles for the inner surface crack. Despite maintaining a constant crack 
growth per step (∆a) along the minor axis for both cracks, they exhibited growth along their 
respective major axes with an incremental increase in ∆c in each step, as shown in Figure 13b 
which is greater for the inner surface as compared to the outer surface which is due to the 
hoop stress across the thickness as shown in Figure 6 which is greater on the inner as 
compared to the outer surface of the tube. 

 
Figure 13: (a). SIFs on major and minor axes of both inner and outer crack at different steps 

of solution. (b). Crack Growths Along the major and minor axis 
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SIF and Crack Growth of Embedded Crack: 
The cycles for crack growth have been shown as curves in Figure 14 obtained from 

ANSYS SMART crack growth simulations for different orientations. These results state that 
the crack in H orientation exhibited the lowest cycles because the affective stress in H 
orientation is hoop which is the highest stress as compared to the other two and conversely, 
the number of cycles is highest for R orientation which is a dead orientation. After all, the 
solution stops in the first step even at a very fine mesh justifying no crack growth in plane 
perpendicular to radial stresses as it is compressive stress as shown in Figure 7 leading to no 
crack growth when the tube is pressurized internally. The crack growth is along the x-axis of 
each crack coordinate and thus the solution for a number of cycles has been shown till the 
final leak in Figure 14b. It shows that as the influence of hoop stress increases across a crack 
plane the number of cycles decreases. 

 
Figure 14: (a). Crack Extension and Cycles for Different Orientations. (b). Cycles to Leak 

Figure 15 shows the SIFs in modes 1, 2, and 3 respectively, and the equivalent SIF is 
shown in Figure 16 in the first step. These figures show that mode 1 SIF is the dominant one 
and has the higher value for (H). The elevated value observed can be attributed to the 
predominance of hoop stress, which surpasses other stress components, as previously 
outlined. By comparing Figure 14 and Figure 16 we can say that the higher the equivalent 
stress intensity factor lower the cycles to failure. 

 
Figure 15: Mode 1, 2, and 3 SIFs for all Cracks around the Circumferential Length at Step 1 
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Figure 16: Equivalent SIF for all cracks around the circumferential length at Step 1 

Figure 17 shows the SIFs for (H) in step ten just before the final leak where the SIFs 
have been increased as compared to step one. This increase is due to the change in crack 

dimensions which increases in each step and so as an equivalent stress intensity factor 𝐾𝑒𝑞. 

 
Figure 17: Mode 1, 2, and 3 SIF for crack with H orientation 

Conclusion: 
Generally, the SIF is higher at the major axis and lower at the minor axis of a semi-

elliptical crack, irrespective of whether the crack is in a simple cube or a different geometry. In 
a non-uniform stress distribution, the variation of SIF across the crack front can be complex 
and depends on the specific stress distribution. It cannot be simply generalized as lower on the 
major axis and higher on the minor axis. The loading cycles required for the specific crack 
growth are higher for the outer crack and lower for the inner crack with Simpson’s integration 
of Paris’s law. Thus, the inner surface crack grows faster as compared to the outer surface. 

The crack grows faster when the crack is perpendicular to the hoop stress in the wall. 
This is because the hoop stress is higher as compared to longitudinal and radial stress. And the 
higher value of stress causes a higher value of equivalent stress intensity factor which in turn 
dictates the crack growth. Other orientations that have the hoop stress component along the 
radial and longitudinal components showed relatively higher crack growth. When a crack plane 
is normal to the radial stress the only stress acting is radial, the crack growth is much slower. 
We can call this plane a dead plane where no crack growth is possible and that is because the 
gradient of radial stresses across the wall is negative and thus in compression. But a plane 
oriented at 45 degrees to the radial stresses and 45 degrees to hoop stresses would have higher 
Mode 1 and 2 stress intensity factors associated with it resulting in high equivalent stress 
intensity factors. Thus, there would be higher crack growth. A mathematical model has been 
discussed for crack growth in pressure vessels like pipes and tubes. Finally, it is conclusive that 
changing the location and orientation of the same crack in a tube will affect the crack growth. 
Therefore, upon detection of a crack, location, and orientation should be considered to 
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determine the remaining life of a boiler tube by utilizing ANSYS SMART because the size of 
the crack is not the only parameter to retire structures that have strategic importance. 
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